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Abstract

Machines with high currents and small apertures, as used
for SIS100 of the FAIR project, require a sincere under-
standing of the resonances excited by the magnetic field
distortions; typically performed by tracking codes. These
codes model the field errors using a Taylor Series approx-
imation of the field quality at the track of the ideal parti-
cle. The path of the particle within the elliptic aperture of
the dipole is curved; thus the standard approach of using
plane circular multipoles fails to model the real symmetry
of the magnetic field, an important feature of effective field
description for beam loss calculations. Therefore toroidal
elliptic multipoles were developed which allow describing
the magnetic field concisely in an elliptic vacaum chamber
in curved dipoles and quadrupoles.

INTRODUCTION

SIS100, the core component of the FAIR accelerator,
uses superconducting fast ramped magnets. These dipole
magnets are curved and the beam aperture is elliptic.

The precise field of an accelerator magnet can only be
found by numerical calculations. Analytic expressions are
fitted to this field in the aperture in order to distribute infor-
mation on this field in a convenient and concise way. Par-
ticular solutions of the potential equation are used as basis
functions for this approach. The standard tool are plane
circular multipoles. Plane elliptic multipoles are useful if
the beam aperture has an elliptic cross section [1, 2, 3].
Their advantages are a larger reference area, an ellipse sur-
rounding the reference circle of the former case, and better
convergence properties. In a curved magnet curvature ef-
fect are not entirely negligible. Toroidal circular multipoles
were developed [4] and demonstrated that the coefficients
can be obtained by a rotating coil probe [5, 6]. Now elliptic
toroidal multipoles have been developed. In this paper we
present how these are to be calculated.

TOROIDAL ELLIPTIC MULTIPOLES

In the aperture of a curved magnet the reference volume
is a segment of a torus. Its vertical cross section is a circle
or an ellipse. In the latter case toroidal elliptic coordinates
are the appropriate tool.

Toroidal Elliptic Coordinates

These orthogonal coordinates are obtained by shifting a
plane vertical ellipse by an amount R, along the X-axis off
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the origin and then rotating it by the azimuth ¢ around the
original vertical (Z-) axis:

X+iy =

7 =

(R. + e coshn cos) e (1
e sinhn sin. 2)
R, is curvature radius. The semi-axes a, b determine the

eccentricity e and the value n = 7 characterising the ref-
erence ellipse. e/ R, is the inverse aspect ratio €:

e=+va%—b?

tanh(b/a) =no. (3)
E=¢e/R. “

The metric coefficients are:

hi(n,¥) = hy=hy =€/ cosh?n —cos2y  (5)
he(n,¥) = Reh(n,¢) = Re (1 + €coshncost))(6)
htO - ht (7707 ’(/})7 hO = h(7707 ’(/}) (7)

The Potential

Only fields and potentials uniform in ¢ are considered.
So these quantities are the same in each cross section
¢ =const.; they are independent of ¢. The potential equa-
tion is:

1 [o* 0°
2 {0—02 Tat ®
€ (. 0 . 0
+E (smhncoswa—77 — coshn&nw%)} ®=0
1 0? 0? é
—— =t =+ — d) = 0.
i |oe o VAR =0

€ is small; so neglecting second and higher powers gives
a good approximation. The operator then remaining in (8)
is just the Laplacian in plane elliptical coordinates 7, 1. A
complete set of particular solutions of the latter equation
is: {1, cosh(nn) cos(ni), sinh(nn) sin(ny)}, n=1,2,3 ...
Thus an approximate solution of (9) may be written as:

®(n, 1)) = Boh™/?

ap + (10)

M 1
[l ) o B S ) ]

“= | n cosh(nmno) n sinh(nno)

Determining The Coefficients
The coefficients ag, a1, ..., b1, ba can be determined from
the Cartesian field components By, (1)), B (1)) given on the
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reference ellipse. They are either found numerically from
a field code or experimentally by measurements. Now we
use a local two-dimensional coordinate system in the cross
section ¢ = 0. Its origin is at (X,Y, Z) = (R,,0,0); the
x-axes are parallel; the y-axis is parallel to the Z-axis.

r¢ = e (coshn cost, sinhn sin) (11)

The reference ellipse £ and all values characterising it are
the same as above. The unit vector normal to &, i.e. n,, is:

dI’g

dI’g
my(n.0) = G0 /|Gl (@) = mam, ). (12)
The component B, on & is:
Byo(v) = Bn’n:no = nn0(¢)'§’n:no = N0, By 10y By
(13)
or
hiohy* B
x(¥) == — tOOB—OnOW = (14)

—e\/cosh2 1o — cos2 4 [1 4 €coshng cos 1h]>/2 x
B, (1) sinhng costp + By() coshng siny
By v/sinh? g cos2¢p + cosh? ng sin’ ¢

On the other hand, from the series (10) and with

—» 1 /0D 09
B = — grad® = — h—t(a—n,%> (15)
we get:
(@) = B (@, 0)/Bo) | =
x(v 877 n, Y 0/) lp=no —
M
= Z a, tanh(nng) cos(ni) + (16)

+bn coth(nmno) sin(ny)]

—; ag sinhngy cos®y
€ M a
= sinh ng ,; {# cosh(nno) cos(ny) +
+% sinh(nng) sin(m/;)} cos
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CONSTRUCTING THE CONVERSION
MATRICES

Based on the function x(¢) coefficients are to be calcu-
lated using

K

Co =+ [ x(w)cosu)du (17)
and .
Do =1 [ xw)sin(u)du (1)

s

These have then to be converted to the appropriate local
elliptic toroidal multipoles using

19)

and

GB, =D, (20)

The conversion matrices F' and G have been calculated us-

ing Mathematica™. Up to now the calculations were per-

formed up to coefficients of order 5. The given results show

that these matrices can be constructed by simple formulae.
The matrix G consists of

G = CTH’ + ¢(SH + CTH;) . 21
The matrix CTH?Y is given by
CTHY = I, ,n1/ tanh((m — 1)), (22)

with 7, the identity matrix. The matrix SH consists of two
bands. The lower band T'! is given by

1 1/4m—=1)) m=n+1
T"m_{ 0 m#n+1 (23)
The upper band 772 is then given by
s [ 1/(4n) m=n-1
Tnm_{ 0 m#nfl (24)
So the matrix SH is then given by
SH = —sinh(ng) (T1 + T») (25)

The matrix CTH; is again a banded matrix with its lower
band CTH" given by

1 [ coth((m—1)n) m=n+1
CTmm{ . montl o
and its upper band CT H? given by
o5 | coth(nmy) m=n-1
OTH? = { . man_y @
thus CTH; = CTH' + CTH?.
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The matrix F' one has to take the element aq into ac-
count, thus its has one more row and column as matrix G.
The matrix F' is given by

F=THy+e(SH+ TH,) . (28)
The matrix TH is given by
THo = + I, tanh((n — 1)no) . (29)
The matrix SH® is identical to SH if using the rule
SHY 1 i1 = SHoum - (30)

All elements of SHY ,
—1/2€sinh(n0) and all elements of SH ?,m except that the
element of SHY, = 1/2esinh(n0). The matrix TH is

given by

0
are 0 except SHy; =

1
TH, = 5gcoshno (TH' + TH?), (31)
which consists of two bands. TH ! is given by
1 | coth(mny) m=n—1landm>1
THm = { 0 others
(32)

The matrix TH? is given by

TH? { coth((m —2)ng) m=mn-+1landm >1
nm 0 others
(33)
Constructing these matrices the vectors A, =
ap,a1,as,... and B, = by,ba,... can be calculated us-

ing numerical methods.

CONCLUSION AND OUTLOOK

The results presented here show that now the magnetic
field within an elliptic toroidal can be described concisely.
The formulae given here have to be extended so that the
field components B, and B, can be interpolated directly.
This will then allow representing the field following the
curvature of the beam. In next steps we will then use the
measured data to obtain the coefficients a,, and b,, to study
the difference in field reconstructed by the local elliptic
toroidal multipoles and the plane circular multipoles typ-
ically used. The banded matrices show that a feed up and
feed down of one coefficient to the next is to be expected.
For typical accelerators the effect will be small as in curved
magnets the dipole is the dominant term, thus mainly some
spurious quadrupole is generated. This can be typically
neglected as it will be much smaller then the quadrupole
strength of the main quadrupole. The particular effect de-
pends on the size of the beam and the machine radius.

The development given will allow interpreting the results
of magnetic measurement and give a concise description of
the magnetic field along a curved trajectory with elliptic
dimensions.

ISBN 978-3-95450-115-1
264

(1]

(2]

(3]

(4]

(3]

(6]

Proceedings of IPAC2012, New Orleans, Louisiana, USA

REFERENCES

P. Schnizer, B. Schnizer, P. Akishin, and E. Fischer,
“Theoretical field analysis for superferric accelerator mag-
nets using plane elliptic or toroidal multipoles and its
advantages”, EPACO8, Genova, June 2008, p 1773
http://www.JACoW.org.

P. Schnizer, B. Schnizer, P. Akishin, and E. Fischer, “Theory
and application of plane elliptic multipoles for static magnetic
fields.”, NIMA 607(3):505 — 516, 20009.

E.A. Perevedentsev and A.L. Romanov, “Eddy current effect
on field multipoles arising in dipole magnets with elliptic and
rectangular beam pipe”, EPAC08, Genova, June 2008, p 2383

P. Schnizer, B. Schnizer, P. Akishin, and E. Fischer, “Plane
elliptic or toroidal multipole expansions for static fields ap-
plications within the gap of straight and curved accelerator
magnets”, COMPEL 28(4), 2009.

P. Schnizer, B. Schnizer, P. Akishin, and E. Fischer, “Toroidal
circular and elliptic multipole expansions within the gap of
curved accelerator magnets”, IGTE14, Graz, September 2010

P. Schnizer, B. Schnizer, P. Akishin, A. Mierau, and E. Fis-
cher, IEEE T. Appl. Supercon, fo be published

05 Beam Dynamics and Electromagnetic Fields

D06 Code Developments and Simulation Techniques



