
Kinetic linear model of the interaction of helical magnetic perturbations
with cylindrical plasmas

Ivan B. Ivanov,1,2 Martin F. Heyn,1 Sergei V. Kasilov,1,3 and Winfried Kernbichler1

1Institut für Theoretische Physik - Computational Physics, Technische Universität Graz,
Association EURATOM-ÖAW, Petersgasse 16, A–8010 Graz, Austria
2Theoretical Physics Division, Petersburg Nuclear Physics Institute, 188300 Gatchina, Leningrad Region,
Russia
3Institute of Plasma Physics, National Science Center “Kharkov Institute of Physics and Technology”,
ul. Akademicheskaya 1, 61108 Kharkov, Ukraine

�Received 23 November 2010; accepted 10 January 2011; published online 1 February 2011�

The linear kinetic model of the interaction of helical rotating magnetic perturbations �resonant and
nonresonant� with a tokamak plasma developed in �M. F. Heyn et al., Nucl. Fusion 46, S159 �2006��
is extended by a Galilean invariant collision operator and a different finite Larmor radius expansion
scheme of particle current density. The model is applied to study the plasma screening effect on
resonant magnetic perturbations and the resulting torques acting on the plasma at various orders of
Larmor radius expansion. © 2011 American Institute of Physics. �doi:10.1063/1.3551740�

I. INTRODUCTION

The problem of the interaction of low frequency helical
magnetic field perturbations with a plasma is an important
issue for tokamaks where such perturbations are produced
either on purpose, as in the case of ergodic divertors or
magnetohydrodynamics �MHD� activity control coils, or
without intention, as in the case of error fields due to small
violations of the axisymmetry of the main magnetic coils.

A valuable method of edge localized mode �ELM� con-
trol using resonant magnetic perturbations �RMPs� has been
proposed and successfully realized in DIII-D and JET
tokamaks.1,2 For an understanding and accurate modeling of
the impact of RMPs on the plasma configuration, the ampli-
tudes of these perturbations inside the plasma have to be
known. While most theoretical studies of magnetic field er-
godization and particle and heat transport use a vacuum per-
turbation field,3–6 it has been shown in Refs. 7 and 8 that
plasma response currents can cause a strong shielding of
RMPs �by several orders of magnitude� and reduce the size
of the ergodic layer at the edge.

The theoretical description of the interaction of RMPs
with a plasma has a long history, see Refs. 9–18, and usually
is based on various approximations within one- or two-fluid
MHD. It has been verified in Ref. 8 that our kinetic model
stays in approximate agreement about the RMP shielding
with the reduced drift MHD model17 except in regions with
fast perpendicular electron rotation. This is a remarkable fact
because for plasma parameters used there, MHD theory pre-
dicts that the resonant layer width is more than by an order
of magnitude smaller than the ion Larmor radius and, there-
fore, MHD theory is formally invalid.

Our previous work7,8 on the interaction of RMPs with a
plasma is based on a linear kinetic model with a Krook col-
lision operator and a finite Larmor radius expansion up to the
first order. However, the Krook collision operator does not
conserve the number of particles �charge� and this immedi-
ately leads to a violation of the Galilean covariance �with

respect to a moving frame� of the results. It has been also
observed that near resonance zones the radial scale of the
RMP amplitudes is of the same order as the ion Larmor
radius and, strictly speaking, the use of the Larmor radius
expansion is at least questionable.

To verify the results of Refs. 7 and 8, the kinetic model
is extended in the present work. The present model uses a
charge conserving Fokker–Planck type collision operator and
a more sophisticated finite Larmor radius expansion to
higher orders. The results of the extended model when ap-
plied to study the screening of RMPs and torques acting on
the plasma for a JET-like plasma configuration are presented
and the differences to the former model are outlined.

The structure of the paper is as follows. In Sec. II, the
kinetic equation is solved in noncanonical action-angle vari-
ables and the particle current density is obtained. In Sec. III,
the shielding of RMPs is modeled. In Sec. IV, the results are
summarized and discussed. Details of the extensive analyti-
cal calculations are given in three Appendices.

Throughout the paper, upper indices are used for contra-
variant and lower indices for covariant components of the
vectors and summation over repeated skewed indices A�B� is
assumed. For this scalar product, the compact notation A ·B
is also sometimes used.

II. MODEL DESCRIPTION

A. Kinetic equation in action-angle variables

Let us consider the kinetic equation for the evolution of
the particle distribution function f�r ,v , t� in phase space

d

dt
f =

� f

�t
+ v ·

� f

�r
+

F

m
·

� f

�v
= Lcf . �1�

Here, �r ,v� are the position and the velocity of the particle,
F=e�E+ �1 /c�v�B� is the Lorentz force acting on the par-
ticle, and Lc is the collision operator.

Following the approach of Mahajan and Chen,19 we re-
derive their kinetic equation in nonHamiltonian action-angle
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variables in a different and more compact way. In linear
theory, the electromagnetic field can be represented as the
sum of a constant background field and a small perturbation:

E�r , t�=E0�r�+ Ẽ�r , t�, B�r , t�=B0�r�+ B̃�r , t�. Furthermore,
it is assumed that the background electromagnetic field is
axially symmetric and, therefore, there exist three indepen-
dent invariants for the particle motion. The first task is to
solve the kinetic equation of the unperturbed integrable sys-
tem.

A convenient way to describe the particle motion in an
integrable system is to use Hamiltonian formalism in action-
angle variables. In such a set of canonical variables J
= �J1 ,J2 ,J3� and �= ��1 ,�2 ,�3�, the equations of particle mo-
tion are

�̇� = �� =
�H0�J�

�J�

, J̇� = −
�H0�J�

��� = 0. �2�

Here, the Hamiltonian H0 of the charged particle in the back-
ground electromagnetic field described by the vector poten-
tial A0 and scalar potential �0 is

H0�p0,r� = �1/2�m0�p0 − �e/c�A0�r��2 + e�0�r� , �3�

with e as the electric charge of the particle, m0 as the mass of
the particle, and p0=m0v+ �e /c�A0 as the generalized mo-
mentum of the particle.

We suppose that the problem of the unperturbed particle
motion can be solved completely: The invariants J, the con-
jugate angles �, and the generating function G�r ,J� that me-
diates the canonical transformation �p0 ,r�→ �J ,�� have been
all obtained. In the new action-angle variables, the Hamil-
tonian Eq. �3� is a function of J solely and that is a major
source of simplification in the subsequent analysis.

The kinetic equation for the background distribution
function f0�p0 ,r� of the unperturbed system is

v ·
� f0

�r
+ F0 ·

� f0

�p0
= Lcf0 + S , �4�

with F0=e�E0+ �1 /c�v�B0� and S representing internal
sources and sinks.

A canonical transformation of variables from �p0 ,r� to
�J ,�� transforms Eq. �4� into

V0
� � f0

��� + F0�

� f0

�J�

= Lcf0 + S , �5�

where

V0
� = v ·

�p0

�J�

− F0 ·
�r

�J�

, F0� = − v ·
�p0

��� + F0 ·
�r

��� ,

�6�

and it is used that the Jacobian of the canonical transforma-
tion ��p0 ,r� /��J ,��=1.

In the Hamiltonian formulation, the kinetic equation for
the background distribution function f0�J ,�� has the follow-
ing form,

d

dt
f0 =

� f0

�t
+ �f0,H0�

=
� f0

���

�H0

�J�

−
�H0

���

� f0

�J�

= �� � f0

��� = Lcf0 + S . �7�

Equation �7� describes an exact dynamic equilibrium that is
sustained by sources and sinks at the wall. For our purposes,
it is sufficient to ignore small terms responsible for radial
transport in the equilibrium. This means that we ignore the
source term as well as small terms in Lc→Lc

tr and assume
that f0 is Maxwellian, such that

�� � f0

��� = Lc
tr = 0. �8�

In this case, Eq. �8� implies that the background distribution
function depends only on invariants of motion f0= f0�J�. In
the present study, we will obtain results for a cylindrical
model and in this case, Eq. �8� also allows for a drifting
Maxwellian. From the comparison of Eqs. �7� and �5�, it can
be concluded that

V0
� =

�H0

�J�

= ��, F0� = −
�H0

��� = 0. �9�

Let us now consider the full kinetic Eq. �1� in the same �J ,��
variables as used for the description of the unperturbed mo-
tion,

� f

�t
+ V� � f

��� + F�

� f

�J�

= Lcf , �10�

where V�=V0
�− F̃ · ��r /�J��, F�=F0�+ F̃ · ��r /����, and F̃

=e�Ẽ+ �1 /c�v� B̃� is the perturbation of the Lorentz force.
In the perturbed system, these variables do not form a ca-
nonical conjugate pair with respect to the Hamiltonian, as
pointed out by Mahajan and Chen.19

If the distribution function written as f = f0+ f̃ is substi-
tuted into Eq. �10� and all terms proportional to the square of
the perturbations are neglected, the linearized kinetic equa-
tion is obtained as

� f̃

�t
+ �� � f̃

��� + J̇�

� f0

�J�

= L̂c f̃ , J̇� = F̃ ·
�r

��� , �11�

where L̂c is the linearized collision operator. This equation is
just Eq. �20� of Ref. 19 with all nonlinear terms neglected
and, instead, a collision term to the right-hand side of the
equation has been added.

In the following, it is convenient to use vector and scalar

potentials �Ã ,�̃� for the perturbation field so that Ẽ=−��̃

− �1 /c�� Ã /�t and B̃=�� Ã. Making use of the relations

��̃ ·
�r

��� =
��̃

��� ,
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�v � � � Ã� ·
�r

��� = ��
�Ã�

��� − ��
�Ã�

��� , �12�

Ã� = Ã ·
�r

��� ,

the time evolution for J� is given by

J̇� = − e
��̃

��� −
e

c
� �Ã�

�t
+ ��	 �Ã�

��� −
�Ã�

���

� . �13�

This expression can also be directly obtained from Eqs. �11�
and �A12� of Ref. 19.

Taking into account the cyclic nature of angle variables,
one can expand all perturbed quantities as Fourier series in �,
e.g.,

f̃�J,�,t� = �
m

f̃m�J,t�eim·�. �14�

Substituting Eq. �14� in Eq. �11�, we obtain the linear kinetic

equation for the Fourier amplitudes f̃m�J , t�

� f̃m

�t
+ im · � f̃m − L̂c f̃m = Q̃m, �15�

where the source term Q̃m has been defined as

Q̃m�J,t� = e
� f0

�J�


im��̃m +
1

c

 ��Ã��m

�t

+ i���m��Ã��m − m��Ã��m��� , �16�

with �̃m and �Ã��m as the Fourier amplitudes of the electric
and vector potential of the perturbation.

Let us introduce a set of curvilinear space coordinates
x= �x1 ,x2 ,x3� with metric tensor gij and the metric determi-
nant denoted as g. The contravariant components of the per-
turbation of particle current density can conveniently be
written as a phase space integral with a delta-function

j̃k�x,t� = e� d3p0v
k f̃ =

e
�g
� d3�� d3J��x − xc�J,���

�vk�J,�� f̃�J,�,t� , �17�

where xc�J ,�� are curvilinear coordinates expressed as func-
tions of action-angle variables and vk= ��xc

k /������ is the
particle velocity. In contrast to Eq. �11� of Ref. 7, the inte-
gration is performed over the unperturbed generalized mo-
mentum.

B. Unperturbed particle motion

In the following, the interaction of helical magnetic per-
turbations with a tokamak plasma is considered in the geom-
etry of a straight periodic cylinder of length L=2	R with
rotational transform of the background magnetic field using
cylindrical coordinates x= �r ,
 ,z�. We introduce the parallel
C� =C ·h and the perpendicular C�=C ·e� projections of a
vector, where h=B0 /B0, B0=��A0, and e�=h�er.

In cylindrical geometry, it is simple to perform a canoni-
cal transformation to action-angle variables for the unper-
turbed motion and the particle trajectories x�t�=xc���t� ,J�
can be represented as7

xc
i ��,J� = xg

i ��,J� + �i��,J�, �
−	

	

d��i��,J� = 0, �18�

where the guiding center coordinates, xg�� ,J�
= �rg�J� ,
g ,zg�, are independent of the gyrophase �. The ca-
nonical angles are �= �� ,
g ,zg� being the gyrophase, azi-
muth and z-coordinate of the guiding center, respectively.
The canonical actions J= �J� , P
 , Pz� are the perpendicular
adiabatic invariant J��m0v�

2 / �2
c� and the covariant �
 ,z�
components of the generalized momentum.

In lowest order over thermal motion, the unperturbed
orbits �Eq. �18�� are described by

�r = − � cos �, �
 =
�

r0
hz sin �, �z = −

�

r0
h
 sin � ,

�19�

�� = 
c, �
 = h
u� + VE

, �z = hzu� + VE

z , �20�

where 
c=eB0 / �m0c�, �= �2J� / �m0
c��1/2, VE= �c�0� /B0�e�,
and all functions of coordinates are taken at r=r0. Here, for
convenience, the new variables r0 �radial guiding center po-
sition� and u� �parallel particle velocity� have been intro-
duced through

P = P�r0,u�� = m0�h�r0�u� + VE�r0�� +
e

c
A0�r0� . �21�

Although it is straightforward to obtain higher order Larmor
radius corrections to the unperturbed orbits �Eqs. �19� and
�20��, we neglect all particle drifts related to the inhomoge-
neity of the background magnetic field and keep only the
electric drift of particles in the present model.

C. Solution of the kinetic equation

Particle collisions in the kinetic Eq. �15� are modeled by
a one-dimensional Fokker–Planck collision operator
�Ornstein–Uhlenbeck approximation, see Ref. 20�

L̂c f̃�J� =
�

�u�

D� �

�u�

+
u� − V�

vT
2 � f̃�J� , �22�

where D is a constant diffusion coefficient in velocity space,
vT=�T0 /m0 is the thermal velocity, and V� is a bulk parallel
velocity of the given species.

The collision operator �Eq. �22�� conserves the number
of particles but it does not conserve the momentum and en-
ergy of species. Another property of the collision operator,

L̂cf0=0, is also satisfied for the operator �Eq. �22�� and the
background distribution function Eq. �B1�. The collision op-
erator �Eq. �22�� essentially improves our previous model7,8

because it ensures the invariance of the distribution function

f̃�J ,� , t� with respect to Galilean transformations to a mov-
ing frame.
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Let us consider the time evolution �Eq. �15�� of the Fou-
rier amplitudes of the distribution function with m
= �l ,k
 ,kz�. Introducing the new velocity variable, u=u� −V�,
the kinetic Eq. �15� takes the form

� �

�t
+ i�
l + k�u� − D

�

�u
	 �

�u
+

u

vt
2
� f̃m�u,t� = Q̃m�u,t� ,

�23�

where k� =k
h
+kzh
z and k�= �hzk
−h
kz� /r0 are parallel

and perpendicular wave numbers and 
E=k�VE is a fre-
quency of electric particle drift, 
l= l
c+
E+k�V�.

The tedious details of obtaining the solution can be
found in Appendix A. The solution of the kinetic equation
can be written as

f̃m�u,t� = �
0

t−t0

d��
−�

+�

du�Ĝ�u,u�,��Q̃m�u�,t − �� , �24�

with Green’s function

Ĝ�u,u�,�� =
1

�4	ã
exp
i

k�

�
�u − u��

− c −
1

4ã
�u − u�e−�� + ib̃�2� , �25�

and

ã��� =
vT

2

2
�1 − e−2���, b̃��� =

2k�vT
2

�
�1 − e−��� ,

�26�

c��� = �i
l +
k�

2vT
2

�
�� ,

where �=D /vT
2 is the collision frequency. In the collisionless

limit �→0, the solution �Eqs. �24�–�26�� reduces to the well-

known result for f̃m �see Eq. �28� of Ref. 19�.
The Green’s function has an important property,

Ĝ�u,u�,��e−�1/2��u�/vT�2
= Ĝ�u�,u,��e−�1/2��u/vT�2

, �27�

a feature which is extensively used in the following.

D. Evaluation of the current density

Let us evaluate the perturbation of current density pro-
duced in a plasma by a single harmonic perturbation of the
vector potential with the frequency 


Ã�x,t� = Re Ã�r�eik

+ikzz−i
t, �28�

where k
=m, kz=n /R, and �m ,n� are poloidal and toroidal
numbers of the helical perturbation. For the perturbation

field, we use the radiation gauge �̃=0 in which the electric

field is defined solely by the vector potential Ẽ= i

c Ã. Nev-

ertheless, we can also apply our approach to static perturba-
tions with 
=0 by a transition to a moving frame where the
perturbation frequency is finite.

For the perturbation field �Eq. �28��, the source term
�Eq. �16�� is

Q̃m�J� = −
e



�Ẽ��m�	m ·

� f0

�J

�� − �m · � − 
�

� f0

�J�
� .

�29�

The Fourier amplitudes of the “canonical” electric field,

Ẽ��J,�,t� �
�xc

j

��� Ẽj = � �xg
j

��� +
�� j

����Ẽj�rg + �r�

�ei�k

g+kzzg+k·�−
t�, �30�

with k= �0,k
 ,kz�, �= ��r ,�
 ,�z�, and drift representation
�Eq. �18�� of the orbits, can be evaluated by a Taylor series

expansion of the electric field amplitude Ẽj�rg+�r� if it does
not change substantially over the scale of the particle
gyration.

For Ẽ�, we introduce the finite Larmor radius expansion
of order N as follows:

Ẽ�
�N��J,�,t� = ei�k

g+kzzg−
t�	�

n=0

N

a�
j �n�

�n

�rg
n
Ẽj�rg� , �31�

where

a�
j �n� = � �xg

j

��� +
�� j

��� − �nN�r
j ��r

���� ��r�n

n!
eik·�. �32�

In contrast to the expansion used in our previous model,7,8

only the radial dependence of the electric field is expanded
while the angle dependence is treated without approxima-
tion. The important property of the expansion scheme,
namely the preservation of gradients for the expanded quan-

tities, i.e., if Ẽ=−��̃ then Ẽ�
�N�=−��̃�N� /���, is guaranteed

in the expansion Eqs. �31� and �32� by the term with Kro-
necker deltas. This property leads to the correct zero fre-

quency limit of f̃m
�N� and also ensures its covariance with

respect to Galilean transformations to a moving frame.
Making use of Eqs. �14�, �31�, and �32�, the Fourier am-

plitude of Ẽ�
�N� with m�= �l ,m
 ,mz� is

�Ẽ�
�N��m� = �m
,k


�mz,kz
e−i
t	�

n=0

N

�a�
j �n��l

�n

�rg
n
Ẽj�rg� , �33�

where �a�
j �n��l is the Fourier transform of the matrix a�

j �n�
over gyrophase and l is the index of the cyclotron harmonic.

Taking into account Eqs. �14�, �24�, �29�, and �33�, the
perturbation of the distribution function is

f̃ �N��J,�,t� =
ie



eik

g+ikzzg−i
t�

l

eil�f l
�	�

n=0

N

�a�
j �n��l

�n

�rg
n


�Ẽj�rg� , �34�

f l
� = i�

0

+�

d��
−�

+�

du�Ĝ�u,u�,��

�ei
��	m ·
� f0

�J

�� − �m · � − 
�

� f0

�J�
�

u�
, �35�

where we have set t0=−� for harmonic perturbations, m
= �l ,k
 ,kz�, and the factor ei
� is naturally included in
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Green’s function �Eq. �25��, replacing c���→ c̃���=c���
− i
� �below, we denote the redefined Green’s function as

G̃�. The notation � . . . �u� means the evaluation of the shifted
parallel velocity at u�.

The next step is to substitute the expression �Eq. �34�� in
the phase space integral

� d3�� d3J =� d�d
gdzg� dJ�dr0du�

��P
,Pz�
��r0,u��

�36�

for the current density �Eq. �17��. Integrations over 
g and zg

are trivial, and integration over gyrophase � can be per-
formed by the same �formal� Larmor radius expansion of the
delta-function as used for the electric field

� �xc
k

�����r − rg − �r���N�

= � �xg
k

��� +
��k

��� − �nN�r
k ��r

����
� �

n�=0

N

�− �n� ��r�n�

n�!

�n�

�rn�
��r − rg� ,

�37�

so that

�
−	

	

d�eil�−ik·� �xc
k

�����r − rg − �r�

� 2	 �
n�=0

N

�a�
k �n���l

��− �n� �n�

�rn�
��r − rg� . �38�

After the trivial integration over r0 �that is, the gyrocenter
radius rg in our approximation� with the delta-function, the
perturbation of the current density becomes

j̃�N�
k =

1

r
�

n,n�=0

N

�− �n �n

�rn	r�nn�
kj �r,k�

�n�

�rn�
Ẽj
 , �39�

where conductivity matrices have been defined as

�nn�
kj �r,k� =

2	ie2

r

�

l=−�

+� � dJ�du�

��P
,Pz�
��r0,u��

�a�
k �n��l

�

����a�
j �n���l f l

��r0=r. �40�

The perturbation of the plasma current density depends on
the electric field and its radial derivatives up to the �2N�-th
order. In cylindrical geometry, only the Larmor gyration ef-
fect can couple the electric field to the current density non-
locally in the radial variable.

E. Evaluation of the conductivity matrices �nn�
kj

The Fourier transform of the matrix a�
j �n�� over gy-

rophase is obtained from Eq. �32�, the explicit particle orbits
�Eq. �19��, and the relations k ·�=k�� sin � and
exp�i�� sin ��=�lJl����eil�

�a�n���l =
1

n�!�
− i�1 − �n�N�

�

��1
0 0

− i
hz

r0

�

��2
1 0

i
h


r0

�

��2
0 1
�

�in� �n�

��2
n�

Jl����eil����1=k�,�2=0�, �41�

with �=��1
2+�2

2, �=arctan��2 /�1�, and the Bessel function
Jl����. For the following, it is convenient to cast matrix
�a�n���l in compact form

�a�
j �n���l

=
in�

n�!
A�

j �n��iQ�
j +R�

j �Q�
j

��1
Q�

j

�R�
j

��2
R�

j

�n�

��2
n�

Jl����eil����1=k�,k2=0�,

�42�

with

A�n�� =�
�n�N − 1 0 0

−
hz

r0
1 0

h


r0
0 1� , Q = �1 0 0

0 0 0

0 0 0
� ,

�43�

R = �0 0 0

1 0 0

1 0 0
� ,

and j ��� numerates rows �columns� of the matrices.
In Appendix B, the following presentations are derived,

��P
,Pz�
��r0,u��

�� = �
�

�u��I�
�, �44�

�	m ·
� f0

�J

�� − �m · � − 
�

� f0

�J�
�

u�

= − 	 f0

T0



u�
�
�,�

�u����J���F��
� , �45�

where coefficients I�
� ,F��

� are defined in Eqs. �B3� and
�B16�–�B19� and the unperturbed distribution function f0 is
used in the form of an inhomogeneous drifting Maxwellian
Eq. �B1�.

Substituting Eqs. �44� and �45� in Eq. �40� and separat-
ing integrations over J� and u, we finally get

�nn�
kj =

2	ie2

r


�− �n+1

�2	�3/2
in+n�+1

n!n�!

n0

m0
4vT

5

��
�,�

�− �S�
k
iS�

k +S�
j
A�

k �n�A�
j �n��

��
�

I�
��

�,�
�

l

F��
� Wl

��D�l
Q�

k ;R�
k +n;Q�

j ;R�
j +n�, �46�
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where matrix S�Q+R, and we have defined two special
functions,

Wl
mn � �

0

+�

d��
−�

+�

du�
−�

+�

du�G̃�u,u�,��

�e−�1/2��u�/vT�2
�u�m�u��n, �47�

and

D�l
m;n;m�;n� � 2−��m0
c��+1 �m

��̃1
m

�n

��̃2
n

�m�

��1
m�

�n�

��2
n�

eil��−�̃�

� �
0

+�

d�e−�1/2���/�L�2
�2�+1

�Jl��̃��Jl�������̃1=k�,�̃2=0,�1=k�,�2=0�, �48�

where �̃=��̃1
2+ �̃2

2, �̃=arctan��̃2 / �̃1�, �2=2J� / �m0
c�, and
�L=vT /
c.

From the Green’s function property �Eq. �27��, it follows
that the W-function is symmetric with respect to a permuta-
tion of the upper indices. Its values depend on the cyclotron
harmonic index l because the Green’s function �Eqs. �25� and
�26�� depends on 
l= l
c+
E+k�V�. The D-function be-
comes complex conjugate under a permutation of m and m�
or n and n�. Both introduced special functions are evaluated
analytically, as shown in Appendix C. The W-function can be
reduced to a combination of confluent hypergeometric func-
tions of the first kind �Eq. �C1�� while the D-function can be
expressed in terms of modified Bessel functions of the first
kind �Eq. �C5��.

F. Wave equations

The perturbed electromagnetic field is a solution of Max-
well’s equations,

� � Ẽ =
i


c
B̃, � � B̃ = −

i


c
Ẽ +

4	

c
�j̃p + j̃a� , �49�

where j̃a is an antenna current density and j̃p is a plasma
�electrons+ions� current density which can be evaluated by
Eqs. �39� and �46�. In cylindrical geometry and for a single
harmonic perturbation �Eq. �28��, these equations reduce to a
set of ordinary differential over the radial variable for the
field amplitudes. For the Nth order Larmor radius expansion
in the particle current density, the number of independent
free solutions �“waves”� of Maxwell’s equations is 6N−2.

A typical set of boundary conditions assumes that the
plasma is surrounded by an ideal metallic wall located at r
=rw. The antenna is modeled by an infinitely thin divergence
free current density flowing at r=ra�rw. In a more elabo-
rated version of the settings, instabilities can also be studied,
e.g., resistive wall modes.

The stiff set of equations is solved numerically using a
reorthonormalization procedure.

G. Power absorption and torques

Let us check that the total power absorption is non-
negative for the case of a Boltzmann distribution of the back-
ground particles, f0�J�= f0�H0�. In that case,

� f0

�J�

= �� � f0

�H0
= −

��

T0
f0. �50�

First, the current density �Eq. �17�� is substituted into the
expression for the power absorbed in the whole plasma vol-
ume by a specific sort of particles,

Ptot
�N� =

1

2
Re� d3x�gj̃�N�

k Ẽk
�, �51�

then Eqs. �14�, �24�, and �29� are used as well as the relation

� d3xẼk
��x�� �xc

k

�����x − xc���N�

= �Ẽ�
�N���, �52�

which follows from the identical Larmor radius expansions
for the delta-function �Eq. �37�� and the electric field
�Eq. �31��. Integration over canonical angles gives the Fou-
rier coefficient �E�

�N��m
� , and thus

Ptot
�N� =

1

2
Re �2	L

e2

m0
�
m
� dr0r0

n0
c
2

vT
5 �

0

+�

d��

�e−�1/2���/�L�2
M���Ẽ�

�N��m
� �Ẽ�

�N��m, �53�

where we have defined the matrix

M�� = �
0

+�

d��
−�

+�

du�
−�

+�

du�G̃�u,u�,��

�e−�1/2��u�/vT�2
����u����u�. �54�

The matrix M�� is symmetric �see Eq. �27�� and, using the
polynomial representation of the canonical frequencies �Eqs.
�B4� and �B5��, the explicit form is

M�� = Q0
�Q0

�Wl
00 + Q1

�Q0
�Wl

10 + Q0
�Q1

�Wl
01 + Q1

�Q1
�Wl

11.

�55�

The sign of the total power absorption �Eq. �53�� is deter-
mined by all possible values of the quadratic form

F = Re�M����Re�Ẽ�
�N��mRe�Ẽ�

�N��m + Im�Ẽ�
�N��mIm�Ẽ�

�N��m� .

�56�

To find them, let us introduce new independent variables of

the same dimension, x̂1=Re�Ẽ�
�N��m, x̂2=Re�Ẽ�g

�N��m, and x̂3

=r0 Re�Ẽzg

�N��m, and represent the first term in the quadratic

form �Eq. �56�� as M̂��x̂�x̂�. To prove that the first term is
never negative, it is sufficient to check that all three eigen-

values of the matrix M̂�� are nonnegative. The same conclu-
sion is true for the second term in Eq. �56�.

It can be shown that the matrix M̂�� has only one non-
zero eigenvalue,
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�3 = �
c
2 + ��2vTZlh


 + V
�2 + 	�2vTZl
hz

r0
+

Vz

r0

2�

�Re Wl
00 � 0, �57�

Zl= �
−
l� / ��2k�vT�, and thus the total power absorption by
a specific sort of particles is non-negative.

Making use of Eq. �39�, the total absorbed power
�Eq. �51�� can be represented as

Ptot
�N� = �

0

2	

d
�
0

L

dz�
0

rw

drrpdis
�N�, �58�

where rw is a plasma radius and

pdis
�N� =

1

2
Re �

n,n�=0

N
�nẼk

�

�rn �nn�
kl �n�Ẽl

�rn�
. �59�

The quantity pdis
�N� can be interpreted as a locally dissipated

power. The correct definition of a locally dissipated power in
inhomogeneous plasma is a subtle point and should be de-
rived within quasilinear theory. For example, we can add to
Eq. �59� any function whose integral over the radius is zero.
It can be shown that in the collisionless limit expression Eq.
�59� coincides with a locally dissipated power derived in
quasilinear theory.

The poloidal and toroidal torques acting on the plasma
through the Lorenz force of a �m ,n� harmonic of the pertur-
bation field are related to the absorbed power Ptot in the
whole plasma volume in the following way,7

T
 = m
Ptot



, T� = n

Ptot



. �60�

This relation is valid for any dispersive medium whose re-
sponse current is linear in the perturbation field and is used
in the following for computing the torques.

III. MODELING RESULTS

First, the results of our previous7 and present plasma
models are compared. For that purpose, for JET-like profiles
shown in Fig. 1, we compute so called form-factors8

Tm,n�r� =
Br

�plas��r�
Br

�vac��r�
, �61�

where Br
�plas� and Br

�vac� are the amplitudes of the radial mag-
netic field in plasma and vacuum, respectively. The form-
factors Tm,n show the screening �or amplifying� effect of
plasma response currents on the given �m ,n� harmonic of the
external perturbation. Although the form-factors have been
obtained in cylindrical geometry, they can still be used to
estimate the perturbation field in a toroidal plasma if the
vacuum perturbation field is known.8 The conditions prevail-
ing at the various rational surfaces are best characterized by
the perpendicular velocities of the plasma species. Therefore,
the electron and ion perpendicular velocities �diamagnetic
plus E�B� with vertical lines marking the radial position of
the rational surfaces are shown in Fig. 2.

Figures 3 and 4 show the form-factors computed by the
previous model with the Krook collision operator and by the
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FIG. 1. �Color online� JET-like background profiles of the plasma used in
the modeling. Other parameters: B0=2 T �toroidal field on the axis�, R
=300 cm �big radius�, poloidal plasma velocity is assumed to be zero.
Background magnetic field and plasma current density are computed from
the given profiles and equilibrium equations in cylindrical geometry. Back-
ground electric field is defined to satisfy the value of perpendicular ion
velocity.
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FIG. 2. �Color online� The electron �solid� and ion �dashed� perpendicular
velocities �diamagnetic plus E�B�, with vertical lines marking the radial
position of the rational surfaces q=2,3 ,4 ,5.
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FIG. 3. �Color online� Form-factors computed by previous model in two
different frames, moving along z-axis with V=5.0 109 cm /s �solid� and V
=−5.0 109 cm /s �dashed� for the perturbation harmonics ��5,1�, ��4,1�,
��3,1�, and ��2,1� and frequency f =10 Hz. Vertical lines show resonance
surfaces with the values of safety factor printed on the upper axis.
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present model with the Fokker–Planck collision operator in
two different moving frames obtained in first order Larmor
radius expansion N=1 of the plasma current density �Eq.
�39��. It can be seen that the Galilean invariance of the re-
sults is strongly violated for the previous model �especially
at the plasma edge where the collision frequency is high�,
while for the present model, the difference is less than a few
percent for all modes of the perturbation. Both models indi-
cate strong shielding �by several orders of magnitude� of the
perturbation harmonics at the corresponding resonance sur-
faces. Nonresonant modes of the perturbation are not af-
fected by currents at resonant surfaces and usually have
form-factors around unity. In some cases, they can even be
amplified by the plasma response currents.

In the next step, the convergence of the results with re-
spect to higher order Larmor radius expansion is investi-
gated. This is an important issue because the characteristic
radial scale of the perturbation fields in the resonance zones
is of the order of the ion Larmor radius. As a result, the
expansion parameter is of order one and the convergence of
the expansion cannot be assured.

Figure 5 shows form-factors for the different orders of
Larmor radius expansion N=1,3 ,5. One can see that the
form-factors are of the same order of magnitude and that the

results for N=3,5 are in much better agreement than the
results for N=1,3. This conclusion is true for all modes ex-
cept the ��4,1�-mode where a fake mode is excited near the
resonance region �see comments in Sec. IV�. Because the
values of the perpendicular electron velocity near the reso-
nant surface q=3 are small, the mode �3,1� shielded less than
the other modes.

In Figs. 6 and 7, the resonant and nonresonant toroidal
torques are shown as functions of the perturbation frequency
for different orders of Larmor radius expansion, namely N
=1,3 ,5. Figure 6 confirms the well-known fact7,16,17,21 that
the resonant torque basically depends on the value of the
characteristic electron frequency at the resonance zone, 
s

=k�V� +
�+
E−k�T� / �2m0
c�, where 
� and 
E are the fre-
quencies of diamagnetic and electric rotation, k�V� is the
Doppler shift �negligible�, and k�T� / �2m0
c� is a kinetic
correction term. Although a good agreement is obtained for
different orders of Larmor radius expansion in a wide fre-
quency range, there exists a region near 6 kHz �E�B fre-
quency� where strong oscillations of the resonant torque are
observed. These oscillations are related to short scale fake
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FIG. 4. �Color online� Form-factors as in Fig. 3 computed by the present
model.

20 40 60 80 100 120
10

−4

10
−3

10
−2

10
−1

10
0

r [cm]

|T
m

n
|

1.5 2.0 2.5 3.0 3.5 4.0
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orders of Larmor radius expansion N=1 �solid�, N=3 �dashed�, and N=5
�dotted� for the perturbation harmonics ��2,1�, ��3,1�, ��4,1�, ��3,2�,
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FIG. 7. �Color online� Toroidal torque as a function of the perturbation
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=3 �dashed�, and N=5 �dotted� orders of the finite Larmor radius expansion.
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modes which are an artifact of the finite Larmor radius ex-
pansion. The use of an exact integral operator for the plasma
conductivity is needed to validate the results in this region.

IV. SUMMARY AND DISCUSSION

In this paper, an advanced linear kinetic model of the
interaction of helical rotating magnetic perturbations �reso-
nant and nonresonant� with a tokamak plasma is presented.
The model is developed in cylindrical geometry and uses a
Fokker–Planck type collision operator and a specific Larmor
radius expansion scheme of the particle current density. In
contrast to the previous paper7 where Hamiltonian variables
had been used for the description of the perturbed quantities,
here, the phase space variables are curvilinear coordinates
and the covariant components of the unperturbed generalized
momentum. These variables do not form a canonical conju-
gate pair with respect to the perturbed Hamiltonian but they
are more convenient for the description of the collision op-
erator because they do not contain the perturbation ampli-
tudes.

The present model is implemented in the numerical code
named KiLCA �Kinetic Linear Cylindrical Approximation�.
For a given equilibrium plasma configuration, KiLCA com-
putes the plasma conductivity operator and solves Maxwell
equations. Derived quantities like the dissipated power den-
sity and the torques acting on the plasma are evaluated in a
postprocessing routine within KiLCA.

The present model with Fokker–Planck type collision
operator shows a significant improvement of the Galilean
covariance in comparison to the previous model7 with Krook
collision term. The use of a finite Larmor radius expansion
still makes the Galilean covariance not exact but the level of
inaccuracy is now tolerable within a few percent.

The convergence test of the Larmor radius expansion has
demonstrated that although the expansion parameter in reso-
nance zones is of order one, the results for different orders of
the expansion show good agreement. In some cases, how-
ever, the high order expansions produce fake modes in the
form of radially short scale slowly damped oscillations. For
those artificial modes, the expansion parameter exceeds unity
and the resulting perturbation fields are no longer in agree-
ment with the lower order results. Also, due to strong viola-
tion of Galilean covariance, those results do depend on the
moving frame in which the computations are done and there-
fore cannot be used. Strictly speaking, the use of the exact
integral operator of the plasma conductivity is needed here
for an accurate treatment of the RMP problem. In most in-
vestigated cases, however, first order finite Larmor radius
expansion gives a reasonable approximation and can be used
to evaluate form-factors and torques acting on the plasma.

It has been shown in Refs. 7, 16, and 17 that the shield-
ing of RMPs strongly depends on the value of the perturba-
tion frequency evaluated in the frame of reference where the
electrons are at rest, 
�=
−k�V� −
�−
E, where 
� and 
E

are electron frequencies of diamagnetic and electric rotation
in the resonance zone. Depending on the plasma configura-
tion and the perturbation amplitude, electromagnetic torques
acting on the plasma may significantly change the plasma

rotation and thus the value of the parameter 
� in such a way
that the perturbation amplitude inside the plasma strongly
increases. Therefore, a self-consistent quasilinear modeling
of the interaction of RMPs with the plasma is a necessary
further step to find a definite conclusion about the final
steady-state shielding of RMPs by the plasma.
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APPENDIX A: SOLUTION OF THE KINETIC EQUATION

To simplify the kinetic Eq. �23�, we apply a Fourier
transform of over u variable

f̃m�k,t� =
1

2	
�

−�

+�

due−iku f̃m�u,t� ,

and obtain a first order partial differential equation

� �

�t
+ i
l + Dk�

2 + ��k − k��
�

�k
� f̃m�k,t� = Q̃m�k,t� , �A1�

where �=D /vT
2 and Q̃m�k , t� is a Fourier transform of

Q̃m�u , t�.
The solution of the Eq. �A1� is derived by the character-

istics method

f̃m�k,t� = �
t0

t

d�Q̃m�k̃�k,t,� − t0� + k�/�,��eX�k,t,��,

where the argument of exponent is defined as

X�k,t,�� = c�� − t� + ã�� − t�e2���−t�k̃2�k,t,t − t0�

+ b̃�� − t�e���−t�k̃�k,t,t − t0� ,

k̃�k , t ,s�= �k−k� /��e−��t−t0−s�, and ã, b̃, c functions are defined
in Eq. �26�.

Taking the inverse Fourier transform of f̃m�k , t� we get

f̃m�u,t� = �
t0

t

d��
−�

+�

du�Ĝ�u,u�,t − ��Q̃m�u�,�� ,

where Green’s function is equal to

Ĝ�u,u�,�� =
1

2	
�

−�

+�

dk̂ exp
i
k�

�
�u − u�� − c���

+ k̂�i�u − u�e−��� − b̃���� − k̂2ã���� .

Evaluating the standard Gauss integral, we finally obtain the
expression �Eq. �25��.
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APPENDIX B: THE I AND F FACTORS

In the present model, the unperturbed distribution func-
tion is used in the form of an inhomogeneous drifting Max-
wellian

f0 =
n0�r0�

�2	m0T0�r0��3/2

�exp
−

c�r0�
T0�r0�

J� −
m0

2T0�r0�
�u� − V��r0��2� , �B1�

where the parameters n0, T0, and V� for each species differ
only by first order Larmor radius corrections from the equi-
librium density, temperature, and parallel fluid velocity of the
respective species. All these parameters and also the equilib-
rium electrostatic potential �0 are fully defined by the given
profiles of plasma density, electron and ion temperatures, po-
loidal and toroidal plasma velocities, safety factor q�r�, and
the reference magnetic field value Baxis.

The Jacobian of the transformation from �P
 , Pz� to
�r0 ,u�� variables �Eq. �21�� is equal to

J =
��P
,Pz�
��r0,u��

= m0
2�r0
c + �h���u� + �VE���� , �B2�

where �h���=h
�hz−hz�h
, �VE���=VE
� hz−VEz� h
, and � de-
notes a differentiation over the r0 variable. For the sake of
simplicity, below we use only the leading term m0

2r0
c in the
Jacobian, neglecting other terms of order of Larmor radius.

As it follows from Eqs. �44� and �45�, all quantities
should be finally expressed as functions of the shifted paral-
lel velocity u=u� −V��r0�. Polynomial coefficients I�

� in
Eq. �44� are

I�
� = m0

2r0
cQ�
�, �B3�

where Q�
� are polynomial coefficients of the canonical fre-

quencies �Eq. �20��, ��=Q0
�+Q1

�u, and

Q0
� = 
c, Q0


 = V
, Q0
z = Vz, �B4�

Q1
� = 0, Q1


 = h
, Q1
z = hz. �B5�

The derivatives of the background distribution function are

� f0

�J�

= 	−
f0

T0


c, �B6�

� f0

�P


= J−1�m0hz
� f0

�r0
− m0�hz�u� − 
cĥ
 + VEz� �

� f0

�u�
� ,

�B7�

� f0

�Pz
= J−1�− m0h


� f0

�r0
+ m0�h
�u� + r0
cĥz + VE
� �

� f0

�u�
� ,

�B8�

where

� f0

�r0
= 	−

f0

T0

�−

n�

n
T0 +

3

2
T0� + T0	
c

T0

�

J� − m0V��u

−
m0T0�

2T0
u2� ,

� f0

�u�

= 	−
f0

T0

m0u .

Derivatives of f0 �Eqs. �B6�–�B8�� can be represented as
polynomials in �J� ,u� variables

� f0

�J�

= 	−
f0

T0

�Z00

� + Z01
� J� + Z10

� u + Z20
� u2� , �B9�

where

Z00
� = 
c, Z00


 =
L1vT

2

r0
c
hz, Z00

z = −
L1vT

2

r0
c
h
, �B10�

Z01
� = 0, Z01


 =
L2

r0m0
hz, Z01

z = −
L2

r0m0
h
, �B11�

Z10
� = 0, Z10


 = h
 −
Vz�

r0
c
, Z10

z = hz +
V
�

r0
c
, �B12�

Z20
� = 0, Z20


 = −
�hzvT��
r0
cvT

, Z20
z =

�h
vT��
r0
cvT

, �B13�

and L1=−n� /n+3vT� /vT, L2= �vT
2 /
c��
c /vT

2��.
The term m · ��f0 /�J� is

m ·
� f0

�J
= l

� f0

�J�

+
m0

J 
r0k�

� f0

�r0

+ �− �r0k���u� + r0k�
c + �r0k�VE���
� f0

�u�
�

= 	−
f0

T0

�P00 + P01J� + P10u + P20u

2� ,

where

P00 = l
c + k�

vT
2


c
L1, P01 =

k�

m0
L2, �B14�

P10 = k� −
�r0�k � V�r��

r0
c
, P20 = −

�r0vTk���
r0vT
c

, �B15�

and k=k�e�+k�h, V=VEe�+V�h.
Making use of m ·�−
=R00+R10u, R00=
l−
, R10

=k�, it is straightforward to get polynomial coefficients F��
�

in Eq. �45�,

F00
� = P00Q00

� − R00Z00
� , F01

� = P01Q00
� − R00Z01

� , �B16�

F10
� = P10Q00

� + P00Q10
� − R00Z10

� − R10Z00
� , �B17�

F20
� = P20Q00

� + P10Q10
� − R00Z20

� − R10Z10
� , �B18�

F30
� = P20Q10

� − R10Z20
� , F11

� = P01Q10
� − R10Z01

� . �B19�
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APPENDIX C: EVALUATION OF SPECIAL FUNCTIONS
W AND D

The special function Eq. �47� can be written as

Wl
mn =

�m

��m

�n

��n�
0

+�

d��
−�

+�

du�
−�

+�

du�G̃�u,u�,��

�e−�1/2��u�/vT�2+�u+�u����=0,�=0�.

As it follows from Eq. �25�, the subintegral function is equal
to eX /�4	ã,

X = −
1

2
	 u�

vT

2

+ u����e−�� + ��� −
w2

4ã
+ w�� − ib̃�� − c̃ ,

where we defined w=u−u�e−��+ ib̃, ��=�+ ik� /�, ��=�
− ik� /�. Calculating two standard Gaussian integrals over u�
and w variables, we get

Wl
mn = �2	vT

�m

��m

�n

��n�
0

+�

d�

�eA�+B��,��e−��+C��,�����=0,�=0�,

where

A = i�
 − 
l� −
k�

2vT
2

�
, 
l = l
c + 
E + k�V� ,

B = vT
2	� +

ik�

�

	� +

ik�

�

 ,

C =
1

2
vT

2��2 + �2� −
ik�

�
vT

2�� + �� +
k�

2vT
2

�2 .

The integration over � variable can be reduced to incomplete
gamma function and further to confluent hypergeometric
function of the first kind,22 so finally we obtain

Wl
mn = − �2	

vT

A

�m

��m

�n

��ne1
C+BF1	1,1 −

A

�
,− B
���=0,�=0�.

�C1�

The mentioned symmetry of W-function on the upper indices
is evident from Eq. �C1�. For the computation of numerical
values of the 1F1 function on a complex plane, we have used
continued fractions approximation. In the collisionless limit,
�→0,

Wl
00 =

	

k�

W�Zl� , �C2�

Wl
01 = − �2	i

vT

k�

�1 + i�	ZlW�Zl�� , �C3�

Wl
02 = �2vTZlWl

01, �C4�

where W�Zl� is the plasma dispersion function23 and Zl

= �
−
l� / ��2k�vT�.
For the second special D-function, the integral in Eq.

�48� can be reduced to the second exponential Weber
integral22 by the differentiation over parameter,

�
0

+�

d�e−1/2��/�L�2
�2�+1Jl����Jl��̃��

= �− �� ��

���� 1

2�
exp	−

�2 + �̃2

4�

Il	��̃

2�

� , �C5�

where after taking the derivative, the parameter � should be
set to the value �=1 / �2�L

2� and Il�x� is a modified Bessel
function of the first kind.

To avoid typesetting and other errors, the introduced spe-
cial functions for all relevant indices have been evaluated
analytically and exported directly as FORTRAN sources by
Mathematica® for further use in the wave code.
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