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Abstract. The numerical simulation of low frequency harmonic responses of plates is usually
carried out with deterministic methods, especially with the Finite Element Method (FEM), while
for high frequencies statistical methods are used like the Statistical Energy Analysis (SEA).
In the so-called mid-frequency region, the computational load of FEM is generally too high
for practical simulations, while the assumptions of SEA are not meet. The applicability of a
deterministic method called Wave Based Method (WBM) can be extended to the mid-frequency
range due to a higher computational efficiency. The WBM is an indirect Trefftz method and
uses exact solutions of the governing equations to approximate the unknown field variables.
The method has already been developed for thin plates using the Kirchhoff plate theory, which
neglects the shear deformation and rotatory inertia. A first order shear deformation theory,
the Mindlin plate theory, accounts for the shear deformation and rotatory inertia and is used
to extend the applicability of the WBM to thick plates. A numerical example is shown for a
non-convex plate domain under point force excitation, which requires the decomposition into
convex subdomains to ensure convergence. The convergence rate and computational efficiency
of the WBM is compared to the FEM.
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1 INTRODUCTION

Due to government regulations and costumer requirements, the enhanced importance of noise
and vibration characteristics of newly developed products needs to be taken into account in the
early design phases. Therefore, efficient and accurate calculation methods are required, since
virtual prototyping is commonly used in the early stages of product development.

Depending on the viewed frequency range, different kinds of methods are commonly used
for the calculations. In the low frequency range, the Finite Element Method (FEM) [1] is
commonly applied for the calculation of the structural vibrations, while the Boundary Element
Method (BEM) [2] is used for the acoustic simulations. The efficiency of these two methods
decreases with higher frequencies, since a certain number of elements per wavelength is needed
to get accurate results [3].

In the high frequency range, statistical methods like the Statistical Energy Analysis (SEA)
[4] become suitable for the calculation of vibration and noise. The accuracy of SEA depends
on certain assumptions like high modal overlap and equipartition of energy, which are usually
only fulfilled at high frequencies.

There is a gap between the low and high frequency range, for which neither the commonly
used deterministic methods like FEM and BEM nor the SEA is practically suited. Many re-
searchers developed new methods for this so-called mid-frequency gap to overcome the lim-
itations of the classical deterministic and statistical methods. Some of these methods extend
the applicability of deterministic methods to higher frequencies due to a higher calculation effi-
ciency like the Complex Envelope Vectorization (CEV) [5] or the Variational Theory of Com-
plex Rays (VTCR) [6]. Other methods try to reduce the assumptions of statistical methods and
apply them to lower frequencies, for example the Statistical modal Energy distribution Analysis
(SmEdA) [7] or the Energy Distribution Analysis (EDA) [8]. Also, hybrid methods like the
Hybrid FE/SEA [9] have been developed to benefit from both types of methods.

Another deterministic method for the low and mid-frequency range is the Wave Based Method
(WBM), which was developed by Desmet [10]. The WBM is an indirect Trefftz approach and
has been used to calculate the harmonic response of structures and acoustic cavities. It has
been applied for the interior and exterior acoustic simulation [11] and structural simulation like
membrane problems and bending of thin plates [12, 13]. A complete overview of the WBM is
shown in [14].

In a previous work, the authors of this paper extended the applicability of the WBM to thick
plates [15]. In this paper, the results found in [15] are extended to non-convex problems and
the convergence and efficiency compared to the FEM is shown. The outline of this paper is as
follows: First the Mindlin theory is presented shortly, then the Wave Based Method for thick
plates is described and the needed extension for non-convex problems is given. Next, a non-
convex validation example is shown and the convergence and efficiency is compared to a FEM
model. Finally, a conclusion is given.

2 THE MINDLIN PLATE THEORY

The Mindlin plate theory is a so-called first order shear deformation theory, which takes
shear deformation and rotatory inertia into account [16]. Compared to the Kirchhoff theory,
which neglects these two effects, the Mindlin plate theory is suitable for thicker plates. In [17]
it is shown that the theory is quite accurate for wavelengths down to the plate thickness. The
theory is described in many textbooks like [18] and a short summery is given here.

2



M. Klanner and K. Ellermann

2.1 Governing Equations

In the Mindlin plate theory it is assumed that a straight line, which is normal to the middle
plane in the undeformed plate, remains straight but not necessary normal to the middle surface
in the deformed state. Therefore, the plate model has three degrees of freedom, the displacement
of the middle surface in z-direction and the rotations about the x-axis and y-axis denoted with
ψx and ψy. In Figure 1 the degrees of freedom of the plate are shown.

Figure 1: Degrees of freedom of the plate.

It is apparent that ψx is the positive rotation about the y-axis and ψy the negative rotation
about the x-axis. Using the linear strain-displacement relations and Hook’s law, the equilibrium
of forces in z-direction and the equilibrium of moments about the x- and y-axis lead to the
governing equations of the Mindlin plate in Cartesian coordinates
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with∇2 = ∂2/∂x2+∂2/∂y2 and Φ = ∂ψx/∂x+∂ψy/∂y. In Eqs. (1 - 3)G is the shear modulus,
ν is the Poisson ration, h is the plate thickness, ρ is the density, D = E h3 / (12 (1 − ν2)) is
the plate modulus, E is the elastic modulus and k2 is the shear correction factor (Reissner 5/6,
Mindlin π2/12) to account for the actual shear stress distribution in z-direction. An external
vertical load in z-direction is denoted with f .
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2.2 Decoupling of the Governing Equations

In the case of free harmonic vibrations (f = 0) at angular frequency ω a decoupling of the
three governing equations is shown in [16]. The decoupling leads to three Helmholtz equations

∇2w1 + δ21 w1 = 0, (4)
∇2w2 + δ22 w2 = 0, (5)
∇2H + δ23 H = 0 (6)

and the vertical displacement and rotations are given by
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, (7)
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∂x
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w = w1 + w2. (9)

The used constants in Eqs. (4 - 9) can be found in [16].

2.3 Boundary and Interface Conditions

The Mindlin plate theory requires three boundary conditions at the plate edges to give an
unique solution. The most common boundary conditions are

• kinematic boundary conditions x ∈ τu:

Ru(x) = u(x)− u(x) = 0, (10)

• mechanical boundary conditions x ∈ τt:

Rt(x) = t(x)− t(x) = 0, (11)

• mixed boundary conditions x ∈ τut:

Rut1(x) = ui(x)− ui(x) = 0, (12)

Rut2(x) = tk(x)− tk(x) = 0,

with u = [w,ψn, ψs]
T , t = [Qn,Mn,Mns]

T and ui, tk as the ith or kth components of u and t
respectively. The plate boundary τ is divided into three non-overlapping parts τu, τt and τut to
define the three types of boundary conditions and x is the position vector at the boundaries. Qn

is the transverse shear force and Mn, Mns are the bending and twisting moments, which can be
defined by the displacement variables and their deviations [15]. The subscripts n and s stand
for the normal and tangential direction of the plate boundary. The boundary residuals Ru, Rt,
Rut1 and Rut2 become zero if the prescribed boundary values u and t are perfectly matched.

3 THE WAVE BASED METHOD

The Wave Based Method uses exact solutions of the governing equations as basic functions
to describe the displacement field of the plate. Therefore, errors only occur at the boundaries of
the plate and also at the interfaces in case the plate domain has to be divided into subdomains.
The boundary and interface residuals are minimized in an integral sense, using a weighted
residual formulation.
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3.1 Field Variable Expansion

The decoupling of the governing equations in Helmholtz equations simplifies the definition
of exact solutions and the variables w1, w2 and H are approximated with

w1(x, y) ≈ w̃1(x, y) =

nw1∑
iw1=0

aiw1 Ψiw1(x, y) + ŵ1p, (13)

w2(x, y) ≈ w̃2(x, y) =

nw2∑
iw2=0

aiw2 Ψiw2(x, y) + ŵ2p, (14)

H(x, y) ≈ H̃(x, y) =

nH∑
iH=0

aiH ΨiH (x, y) + Ĥp, (15)

with Ψiw1 , Ψiw2 and ΨiH as solutions of the governing equations Eqs. (4 - 6) and ŵ1p, ŵ2p and
Ĥp as particular solution functions, which satisfy the inhomogeneous part of the Eqs. (1 - 3).
The used basic functions Ψiw1 , Ψiw2 and ΨiH are listed in Table 1 and have been derived in [15].
The dimensions of the smallest rectangular bounding box of a considered convex domain are
denoted with Lx and Ly. The particular solution functions for a point force excitation are given
by
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Ĥp = 0, (18)

with H
(1)
0 the zero order Hankel function of the first kind and the distance to the excitation point

r. The solutions in Eqs. (16 - 18) are the response of an infinite plate to a point force excitation
[19]. The given basic functions ensure convergence for a rectangular plate domain [15], which
equally ensures the convergence for a convex domain [10]. In the case of a non-convex plate
domain, the domain needs to be subdivided into convex subdomains and interface conditions
have to be applied.

3.2 Weighted Residual Formulation

The wave functions in Table 1 satisfy the governing equations of the Mindlin plate indepen-
dently of the weighting factors aiw1 , aiw2 and aiH . The weighting factors are determined by the
boundary conditions and interface conditions, using a minimization of the approximation error
of the boundary and interface residuals through a weighted residual formulation. The boundary
residuals for a convex subdomain α of the plate are defined in Eqs. (10 - 12). The interface
conditions between two connected convex plate domains α and β are defined as

R
(α,β)
Iu

(x) = u(α)(x)− u(β)(x), (19)

R
(α,β)
It

(x) = t(α)(x) + t(β)(x). (20)

The residuals are orthogonalized with respect to weighting functions ŵ1, ŵ2 and Ĥ and like in
the Galerkin procedure these weighting functions are chosen as an expansion of the same basic
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Table 1: Wave function sets.

wave functions for w1

set 1
Ψiw1 = cos(kiw1,x x) exp(−j kiw1,y y) kiw1,x = iw1 π

Lx
kiw1,y = ±

√
δ21 − k2iw1,x

Ψjw1 = exp(−j kjw1,x x) cos(kjw1,y y) kjw1,y = jw1 π
Ly

kjw1,x = ±
√
δ21 − k2jw1,y

set 2
Ψiw1 = sin(kiw1,x x) exp(−j kiw1,y y) kiw1,x = iw1 π

Lx
kiw1,y = ±

√
δ21 − k2iw1,x

Ψjw1 = exp(−j kjw1,x x) sin(kjw1,y y) kjw1,y = jw1 π
Ly

kjw1,x = ±
√
δ21 − k2jw1,y

wave functions for w2

set 1
Ψiw2 = cos(kiw2,x x) exp(−j kiw2,y y) kiw2,x = iw2 π

Lx
kiw2,y = ±

√
δ22 − k2iw2,x

Ψjw2 = exp(−j kjw2,x x) cos(kjw2,y y) kjw2,y = jw2 π
Ly

kjw2,x = ±
√
δ22 − k2jw1,y

set 2
Ψiw2 = sin(kiw2,x x) exp(−j kiw2,y y) kiw2,x = iw2 π

Lx
kiw2,y = ±

√
δ22 − k2iw2,x

Ψjw2 = exp(−j kjw2,x x) sin(kjw2,y y) kjw2,y = jw2 π
Ly

kjw2,x = ±
√
δ22 − k2jw2,y

wave functions for H

set 1
ΨiH = sin(kiH ,x x) exp(−j kiH ,y y) kiH ,x = iH π

Lx
kiH ,y = ±

√
δ23 − k2iH ,x

ΨjH = exp(−j kjH ,x x) sin(kjH ,y y) kjH ,y = jH π
Ly

kjH ,x = ±
√
δ23 − k2jH ,y

set 2
ΨiH = cos(kiH ,x x) exp(−j kiH ,y y) kiH ,x = iH π

Lx
kiH ,y = ±

√
δ23 − k2iH ,x

ΨjH = exp(−j kjH ,x x) cos(kjH ,y y) kjH ,y = jH π
Ly

kjH ,x = ±
√
δ23 − k2jH ,y

functions used for the field variable approximation. This leads to∫
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R(α)
u dτ −

∫
τt
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for each convex subdomain. If Eq. (21) is evaluated for each subdomain, a system of linear
equations results, which can be solved for the unknown contribution factors.

4 VALIDATION EXAMPLE

The WBM is used to calculate the displacement field of a clamped U-shaped plate and the
results are compared to a reference model. The convergence rate of the WBM is compared to a
FEM model built in ANSYS R© 16.0, to show its effectiveness.
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4.1 Plate configuration

The U-shaped plate is shown in Figure 2 and has a thickness h of 0.05m. The plate is made
of aluminium with an elasticity modulus E = 70 × 109N/m2, a Poisson ratio ν = 0.3 and a
density ρ = 2790 kg/m3. The shear correction factor k2 is set to 5/6.

A normal load f = 1000N is acting at the point F1 with an excitation frequency of 10000Hz.
The validation points P1 - P5, listed in Table 2, are used to compare the displacements of the
WBM and the FEM. Since the plate is non-convex, it is divided into three convex subdomains
Ω1, Ω2 and Ω3, which is indicated by the dashed lines in Fig. 2. All edges of the plate are
clamped (u = 0).

Figure 2: Geometry of the validation example.

Points x [m] y [m]

P1 0.15m 0.30m

P2 0.60m 0.15m

P3 0.75m 0.50m

P4 0.60m 1.35m

P5 0.25m 1.20m

F1 0.75m 0.85m

Table 2: Coordinates of the validation points.

The FEM reference model is meshed with the quadric 8-noded quadrilateral Shell281 ele-
ment and the element size is set to 1.667 10−3m. The occurring wavelength in the example is
0.165m and therefore, 100 elements per wavelength are used for the reference model. Accord-
ing to [20] only three quadric elements would be necessary to get accurate results.

The wave based model is built in MATLAB R© R2014b. The integrals in Eqs. (21) are evalu-
ated, using the Gauss-Legendre quadrature and the resulting system of linear equations is solved
with the singular value decomposition (SVD).

4.2 Displacement results

A wave based model with 1980 wave function is used to calculate the displacements and
rotations of the plate, shown in Figure 3. It is apparent that the applied boundary conditions and
the interface conditions between the subdomains are well fulfilled. Therefore, the error inside
the domain is small, as it will become apparent from the convergence calculations, since errors
are only introduced at the boundary and interface conditions.
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Figure 3: Displacements and rotations of the plate at 10000Hz excitation.

The definition of the relative predicted error

〈ε〉 =
1

nP

nP∑
j=1

εPj (22)

with

εPj =
||w(xPj)− wref (xPj)||

||wref (xPj)||
(23)

is used to investigate the convergence of the WBM compared to FEM. Therefore, five differ-
ent numbers of wave functions (780, 900, 1380, 1740, 1980) and six different element sizes
(0.025m, 0.02083m, 0.0166m, 0.0125m, 0.01042m, 0.0083m) are used to calculate the dis-
placement field. The results are shown in Figure 4.

Figure 4: Convergence rate of the WBM.
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The WBM has a higher computational efficiency for the given problem compared to FEM.
The calculation time of the WBM could be further reduced if an optimized implementation of
the WBM is used. It needs to be mentioned that for the geometry of the example plate and
the chosen boundary conditions, singularities of the transverse shear force and moments occur
in the two corners with obtuse angles. This has a bad influence on the convergence rate of
the WBM and can be resolved by introducing special purpose functions, which account for the
singularities [13]. The special purpose functions are not available for the Mindlin plate theory
yet.

5 CONCLUSION

The Mindlin plate theory, which includes shear deformation and rotatory inertia, has been
used to calculate the displacement field of a clamped non-convex plate. The governing equa-
tions have been solved by using the Wave Based Method, which required the decomposition of
the non-convex plate into convex subdomains and the definition of interface conditions. The
convergence rate of the WBM has been compared to the FEM and it has been shown that the
WBM outperforms the FEM, although the WBM is implemented in MATLAB R© R2014b and is
not optimized.
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