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m Mathematical modelling of sound insulation by porous plates
m Mathematical modelling of the dynamical behaviour of poroelastic plates

m In classical theories, kinematic assumptions are introduced

m — Kirchhoff plate
® — Mindlin plate
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Mathematical modelling of sound insulation by porous plates

Mathematical modelling of the dynamical behaviour of poroelastic plates

In classical theories, kinematic assumptions are introduced

m — Kirchhoff plate
® — Mindlin plate

m Can the classical assumptions be transferred to poroelasticity, especially to the
pore pressure?

m An assumption—free derivation is used
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Poroelastic plates
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The poroelastic continuum

wwwwwwwwwwwwwwwwwwww

m Biot’s theory of poroelasticity in frequency domain
— u, p as degrees of freedom

m porosity : ¢ = va ; full saturation assumed

A A

pAG+ (u+A)VV -G — (a—P) VD +?(p —ps) G =BT —F

2
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The poroelastic continuum Ty
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m Biot’s theory of poroelasticity in frequency domain
— u, p as degrees of freedom

m porosity : ¢ = VVI ; full saturation assumed

pAG+ (u+A)VV-i— (a—P)Vp+0(p—pr) G = B — E
p ¢ p

o Zph—io(a—B)V-G= —F
ey g b—io(a—p)V-a
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m Total energy stored in the system : IT = I1(u, p)
m A variation from a state of equilibrium involves no change in energy

an:/SUQdQ+/8urdr£o
Q T

OIT = JI1(u, du, p,dp) dU = 8U(u,du, p,dp)

®m An integration over the thickness coordinate is needed to deduce the plate
equations
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Deducing the plate-problem Ty

nnnnnnnn ty ofTechnoogy

m Geometry of the plate
u=u(x,o)
p= p(x, (‘0)
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Deducing the plate-problem Ty

wwwwwwwwwwwwwwwwwww

m Geometry of the plate

m Substitution of u and p by a power series in x3-direction
-
u(xi, x2,x3) = Y u(xi,x) Xj
k=0

iy
p(x1,X2,X3) = Z p(x1,x2) xé‘
k=0

K k .
u(x1,X2),p(X1,X2). .. Unknown functions of order k
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Deducing the plate-problem

wwwwwwwwwwwwwwwwwww

m Geometry of the plate
u=u(x,o)
p = p(x,®)

m Substitution of du and p by a power series in xz-direction
2 L
du(xy,x2,X3) = Z Su(xq, x2) x5
(=0
o o
Op(x1, X2, X3) = Z dp(x1,x2) Xf
£=0

0 ¢
du(x1,x2),8p(x1,x2). .. Unknown functions of order ¢
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Approximation by power series Ty,
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m Integration over the plate thickness

/ 8Uq (u, 8u, p, 5p) dQ
Q
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m Integration over the plate thickness

/ 8Uq (u, 8u, p, 5p) dQ
Q

ol

J4 /
SUq (ﬁ,Su, 5.,5p, T(x3)> dxs dA
k=0 /=0

m}:\
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Approximation by power series Ty,
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m Integration over the plate thickness

/ 8Uq (u, 8u, p, 5p) dQ
Q

g);/ /QBUQ( T(Xg)) dxs dA
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Approximation by power series Ty,
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m Integration over the plate thickness

/ 8Uq (u, 8u, p, 5p) dQ
Q

h

/ SUq (6,56, 5,5, LP(X3)> dxs dA

)
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Approximation by power series

wwwwwwwwwwwwwwwwwwww

m Integration over the plate thickness

/ 8Uq (u, 8u, p, 5p) dQ
Q

h
[} oo §
Y Y [ /s (6,56,5,55,?()(3)) dxs dA
k=0 (=0 A n

2

=)

- Y ¥ [ot (G,sﬁ,é,sﬁ,gm) dA
A

k=0 (=0

m Extract plate problem (identify and decouple plate and disc quantities)
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Approximation by power series
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m Integration over the plate thickness

/SUQ(u,Su,p,Sp) dQ
Q

h
o oo 2
Y Y [ /s (6,56,5,55,?()(3)) dxs dA
k=0 (=0 A n
2

=)

~ Y Y [o (G,sﬁ,é,sﬁ,f(h)> dA
A

k=0 (=0

m Extract plate problem (identify and decouple plate and disc quantities)

m Poroelastic case does not impinge on the decoupling of plate and disc problem
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Approximation by power series

wwwwwwwwwwwwwwwwwwww

m Integration over the plate thickness

/SUQ(u,Su,p,Sp) dQ
Q

h
o oo 2
Y Y [ /s (6,56,5,5,@,?()(3)) dxs dA
k=0 (=0 A n
2

=)

~ Y Y [o (G,sﬁ,é,sﬁ,f(h)> dA
A

k=0 (=0

m Extract plate problem (identify and decouple plate and disc quantities)

m Poroelastic case does not impinge on the decoupling of plate and disc problem
m Truncation of the power series
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Approximation by power series Ty,
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m The plate quantities

k k
mu3 — k:=0,2,4,... \Vertical displacement of the cross section (w)
k k
m Uy, — k:=1,3,5,... Rotation of the cross section (y,)
k
mp — k:=1,3,5,... Pore pressure distribution over the cross section
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Ty

Approximation by power series e

m The plate quantities

] J3 —  k:=0,2,4,... Vertical displacement of the cross section (S/)
] Lﬁx —  k:=1,3,5,... Rotation of the cross section (\If!q)
] E — k:=1,3,5,... Pore pressure distribution over the cross section

m Truncation with respect to a specific order of k
m Truncation with respect to the order of the plate thickness h plate parameter
)" = <%)n neN
m n=0 — Theory of zeroth order

m n=1 — Theory of first order
m n=2 — Theory of second order
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The PDE operators
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Zeroth order

First order

Second order

Lgxsu =f
Ll u="*
L§><9u =f

with

with

with
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The PDE operators iy
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1
Zerothorder L2 ;u=f with u= [Sv,\v, ;)]T
— rigid body motions

o112 3 3
First order L&XGU =f with u= [Wv\v’ P, Wv"’a p]T

— Fourth order PDE
01123 5
Second order L2 qu=f with u=][w,¥,p,w,V, ;35, ljv,\v,;sn]T

— Sixth order PDE
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The PDE operators

wwwwwwwwwwwwwwwwwwww

0o 1 1
Zerothorder LI ;u=f with u=[w,y,p]"
— rigid body motions

o112 3 3
First order L61><6u =f with u= [Wv\v’ P, Wv"’a p]T

— Fourth order PDE
2 ) 011233455
Second order L& u=f with u=[w,y,p,w,¥,p,w,V,p|
— Sixth order PDE
m The factor ¢? has to be involved when reducing the system, e.g.
20 1 4
c(Vw+wy)=0(c")=0

Vi y = 0(c?)
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The PDE operators

wwwwwwwwwwwwwwwwwwww

0o 1 1
Zerothorder LI ;u=f with u=[w,y,p]"
— rigid body motions

- 1 . 011233
First order Ligu=F with u=[w,y,p,w,y,p]|

— Fourth order PDE
2 ) 011233455
Second order L& u=f with u=[w,y,p,w,¥,p,w,V,p|
— Sixth order PDE
m The factor ¢? has to be involved when reducing the system, e.g.
20 1 4
c(Vw+wy)=0(c")=0
0o 1
Vw+y = 0(c?)

m Problems arise when trying to solve the full system right away
— Reducing before solving
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The PDE operators
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. . ) 0 1 1.4
Linear ansatz in k Lgxsu=1 with u=[w,y,p|
. . ) 0112 ¢
Quadratic ansatz in k  Lgxqu=1f with u=[w,y,p,w,]

. . . o112 3 ST
Cubic ansatz in k Logu=1 with u=][w,y,p,w,y,p|
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The PDE operators Ty,
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. . ) 0 1 1.4
Linear ansatz in k Lgxsu=1 with u=[w,y,p|

— sixth order PDE

. . . o112 T
Quadratic ansatz in k  Lgxqu=1f with u=[w,y,p,w,]

— eighth order PDE

1 3
Cubic ansatz in k Loxeu=f with u=/[w,y,p,w.Wp|"

— twelfth order PDE
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The PDE operators Ty

wwwwwwwwwwwwwwwwwwww

. . ) 0 1 1.
Linear ansatz in k Lgxsu=1 with u=[w,y,p|
— sixth order PDE

. . . o112 T
Quadratic ansatz in k  Lgxqu=1f with u=[w,y,p,w,]

— eighth order PDE

1 3
Cubic ansatz in k Loxeu=f with u=/[w,y,p,w.Wp|"

— twelfth order PDE

m System can be solved as a whole, without beeing reduced

m At least a quadratic ansatz in k is needed to model a Kirchhoff-type equation
(extended by higher order terms)
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First order problem Ty,
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0 1
m The reduced First Order Problem with w := w and p :=p

F
Q

DAA —hePpg  h(BiA—B)] [w
i(Dh(B1A—ﬁ) —hB; ] l

p
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First order problem iy
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’
m The reduced First Order Problem with w =wandp:=

Ii-

D[(1 —V)VVw : VVv+VAWAV] — he’pg wv + h(B; pAv — B pv) — Fv} dA—

/
/l

DAA — he®pg  h(BiA—B)
10 h(B1 A— B) —hB;

m Weak form :

ov
VoV — Moo - } Ar+[Mpsvlf =0  xyerl

/ —io)h(B1Awq —Bwq) —hBopgq— C)q} dA=0
gt

. Institute of Applied Mechanics Consistent Poroelastodynamic Plate-Theories 12/16
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0.01— | —_ poroglastic |
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h — dtatic
I
i d ]
0.0001—

4mx4m; h=0.2m

Vertical deflection [m]

G=6.0-10° [V/m?]
p = 2458 [kg/m]
1e06- K =8.0-10°[V/m?] _
¢=0.19

K=1.9-10""0 [m*/ns]

| | | | | |
0 50 100 150 200 250 300
Frequency [HZ]

. Institute of Applied Mechanics Consistent Poroelastodynamic Plate-Theories 13/16
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T ]
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— elastic drained
— elastic undrained
static drained
E i ]
< [ ]
5 0.0l —=
8
ko)
= 4mx4m; h=0.2m
g ; G=9.8-10" [V/n?] E
- p=1884[kg/m’] 1
00001~k —2.1.10° [V/a?] B
0=0.48
| x=355-10"° [n*/ns] |
b | | | | i
0 10 20 30 40
Frequency [Hz]

. Institute of Applied Mechanics Consistent Poroelastodynamic Plate-Theories 13/16




Contents Ty

(Graz Universiy of Technology

Conclusion and Outlook

. Institute of Applied Mechanics Consistent Poroelastodynamic Plate-Theories 14/16




Conclusions and Outlook Ty

(Graz Universiy of Tochnology

m Conclusion
m Derivation of poroelastic plate equations by using series expansions in thickness
direction
m Different treatment of the system depending on chosen kind of truncation
m Numerical solution of the First Order Problem
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m Conclusion
m Derivation of poroelastic plate equations by using series expansions in thickness
direction
m Different treatment of the system depending on chosen kind of truncation
m Numerical solution of the First Order Problem
m Outlook
m Necessity to investigate higher order theories
Analyse the full system concerning a stable numerical solution

]
m Compare the results to a 3D solution
m Coupling the plate with an acoustic fluid
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