2211.14918v1 [math.NT] 27 Nov 2022

arXiv

ON THE NUMBER VARIANCE OF ZETA ZEROS
AND A CONJECTURE OF BERRY

MEGHANN MORIAH LUGAR, MICAH B. MILINOVICH, AND EMILY QUESADA-HERRERA

ABSTRACT. Assuming the Riemann hypothesis, we prove estimates for the variance of the real and imaginary
part of the logarithm of the Riemann zeta-function in short intervals. We give three different formulations of
these results. Assuming a conjecture of Chan for how often gaps between zeros can be close to a fixed nonzero
value, we prove a conjecture of Berry (1988) for the number variance of zeta zeros in the non-universal regime.
In this range, GUE statistics do not describe the distribution of the zeros. We also calculate lower-order
terms in the second moment of the logarithm of the modulus of the Riemann zeta-function on the critical
line. Assuming Montgomery’s pair correlation conjecture, this establishes a special case of a conjecture of
Keating and Snaith (2000).

1. INTRODUCTION

Understanding the distribution of the zeros of the Riemann zeta-function, {(s), is an important problem
in number theory. Let N(¢) be the number of zeros p = 8 + iy of {(s) such that 0 <y <tand 0 < 8 < 1

(counted with multiplicity, where the zeros with v = ¢ are counted with weight %) It is known that

t t t 7 1

where, for ¢ # ~y, the function is defined by
1
S(t) = —arg((5 +it)

with the argument obtained by a continuous variation along the straight line segments joining the points 2,
2+ it, and  + it starting with the value arg((2) = 0. If t = v for a zero of ((s), we define

S(t):;i_r)% S(t+s)—;8(t—s)'

T
By equation (LI) and the well-known estimates S(t) < logt and [ S(t)dt < logT, we can think of S(t) as
0

the difference between the actual and average number of zeros around height ¢.

From (L)), we expect that there are about 0 zeros of ((s) with ordinates in the interval [t,t + lgg‘;] when
0 <t <TandT is large. We define the number variance of the zeros of ((s) by

/OT {N(t—i—%) —N(t)—érdt. (1.2)

This quantity has been studied by a number of authors, for instance [II, 2, [11], [12], 13} [14]. By (L)), up to a
small error, the integral in (2] is equal to

/OT [s(t+25) - S(t)rdt,
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As described in Section [[4] Berry [I] (see also [2]) has given a precise conjecture for the asymptotic behavior
for this integral. In the wniversal regime of his model, when § = o(logT), Berry conjectured an asymptotic
formula that matches exactly the variance of eigenvalues of GUE random matrices. However, when ¢ > log T,
in the so-called non-universal regime of his model, his conjecture is no longer described by the predictions

from GUE and incorporates additional input from the primes.

Building upon ideas of Selberg [25] and Goldston [T5], Gallagher and Mueller [14] and Fujii [12] have given
a conditional proof of Berry’s conjecture in the universal regime assuming both the Riemann Hypothesis
(RH) and versions of Montgomery’s pair correlation conjecture. In this paper, we introduce new ideas to
prove novel results on the number variance of zeta zeros in the non-universal regime when § > log7. In
particular, we show that new input from both the zeros and primes is needed in this regime, requiring
information on the zeros beyond pair correlation (since we no longer expect GUE behavior in this range).
In Section [[.3] we give three different formulations of these results, stated as Theorems [[.3.1] — In
Section [[4l we show how our results give a conditional proof of Berry’s conjecture in the non-universal
regime assuming RH and a conjecture of Chan [5] for the pair correlation of zeta zeros in longer ranges
(which examines how often normalized gaps between zeros can be close to a fixed nonzero value). Roughly,
pair correlation studies the distribution of gap sizes localized near zero with respect to the average spacing,

whereas our new results require information about the distribution of gap sizes localized near other points.

Before stating our new results on the number variance of zeta zeros, we first describe the work of Selberg
[25, 26] and Goldston [I5] on the moments of S(t) and log |(( +it)| and the connection to the pair correlation
of zeta zeros. Analogous to a result of Goldston for S(t), our Theorem [[2.1] gives lower-order terms for
the second moment of log |((4 + it)| assuming RH, in terms of the pair correlation of zeta zeros. Assuming
Montgomery’s pair correlation conjecture, Theorem [[L2T] establishes a special case of a conjecture of Keating
and Snaith [I§].

1.1. Selberg’s Central Limit Theorem. A celebrated and classical result of Selberg is that the real and
imaginary parts of the logarithm of the Riemann zeta-function are normally distributed on the critical line.
He proved this by estimating moments of S(¢), first assuming RH and then later without any conditions
with the same main term and a slightly weaker error term |25 26]. Assuming RH, Selberg showed that, for

keNand T > 3,
(2k)!

/TS(t)Qk dt = ——2_T(loglog T)* {1 + 0<
0

kl(2m)2k (13)

log log T) ] '
In other words, the moments of S(t) are Gaussian. In this way, Selberg [27] deduces a central limit theorem

for S(t):

lim i meas< T <t <2T: (1)

b
1 2
76[@,()] :—/e_m/2d$.
T—)OOT /%10g10gT ﬁa

This tells us 7.5(t) is normally distributed for ¢ € [T',27] with mean 0 and variance % loglogT, when T is

(1.4)

large. Selberg (unpublished) also considered the moments of log |¢(5 + it)|. Using techniques outlined by
Tsang [29], assuming RH it can be shown that

T

/1og2k|C(% +it)|dt = (Zk)!T(loglogT)k [1 + O<

T2k (1.5)
0

loglogT)] '
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These moments can be calculated unconditionally with a slightly weaker error term. A corresponding central
limit theorem for log |( (4 + it)|, analogous to (IL4)), follows from the work Selberg and Tsang. See Radziwilt
and Soundararajan [24] for a recent and simplified proof of Selberg’s central limit theorem for log ¢ (3 + it)].

1.2. The variance in Selberg’s central limit theorem. Selberg modeled log {(s) near the critical line
using information from the primes and the zeros of {(s). He arrives at the main term in ([L3]) using information

from the primes. The information about the zeros is cleverly contained in his error term.

Recall that the variance of a distribution is given by its second moment, which corresponds to taking k = 1
in (L3). Goldston [I5] gave a refined estimate for the variance of S(t) in Selberg’s central limit theorem
utilizing finer information from both the primes and the zeros of {(s) in his representation of log ((s). He
does so through methods relying, in part, on Montgomery’s work [20] on the pair correlation of the zeros of
¢(s). Assuming RH, Goldston shows that

T
T T
/|S(t)|2 dt = 55 loglog T + L o1,
T T
0

as T' — oo, where the constant a is given by

1 > 1 1\ 1 [ F(a)
QZE ”yo+zz<m—%>p—m+/ o2 da s (16)
p 1

m=2

vo is Euler’s constant, and the sum over p runs over the primes. Here, the term with F(«) captures the
information from the zeros of {(s). The function F'(a) was introduced by Montgomery [20] to study the pair
correlation of the zeros of ((s), and is defined by

T ! oyt
F(a)=F(a, T) := (% logT) Z T 0= y(y =), (1.7)
0<yy'<T

for « € R and T > 2, where w(u) = 4/(4 + u?), and the double sum runs over the ordinates, v and v/,
of non-trivial zeros of ((s). In this way, we see that Goldston’s result contains information from both the
primes and the zeros in the definition of the constant a. As initially defined, the constant a actually depends
on T. In Lemma B3] we show that this dependence is mild (see also [I5] Theorem 2]).

Our first theorem is an analogue of Goldston’s more precise result for the second moment of log |¢ (% +it)|,
refining the case k =1 in (3)).

Theorem 1.2.1. Assume RH and let F(«) be defined by (L0). Then, as T — oo,
f T
/10g2 IC(% +it)|dt = 5 loglog T'+ T + o(T),
0

where the constant a is given by (L0)).

Montgomery’s Strong Pair Correlation Conjecture states that F'(a)) ~ 1 uniformly on compact intervals

when @ > 1 and 7" — oco. Assuming this conjecture, we see that

1 > 1 1\ 1
=3 (14 T (- ) 7).
m=2 p p
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and Theorem [[ZT] establishes a special case of a conjecture of Keating and Snaith [I8, eq. (97)], who

conjectured a formula for all moments. They made analogous conjectures for families of L-functions in [19].

Though the statement of our first result is very similar to Goldston’s theorem, the proofs are considerably
different. One reason for this is easy to explain. From the formula for N(¢) in (II]), we see that the function
S(t) is bounded near the zeros of ¢ ( + it), with a jump discontinuity at each zero. On the other hand,
log [¢(% + it)| is not bounded near the zeros, and can be arbitrarily large in the negative direction. These
logarithmic singularities do not substantially change the end result, but they do cause technical difficulties
within the proof. Another major difference from Goldston’s work is that our proof relies on a delicate
cancellation of main terms, which we accomplish by introducing the function g(z) in Section[2 Though an
analogous cancelation of main terms was not present in Goldston’s work, it is present in the work of Chirre
and the third author who introduced related functions to obtain similar cancellations in the study of the
second moment of the iterated antiderivatives of S(t) (see [8, Lemma 4]). However, as we shall see, when
considering log |¢ ( + it)| there are important new technical differences in the properties of our functions

due to the unbounded discontinuities.

REMARK. The error term in Theorem [[.2.1] could be improved using additional assumptions such as
a quantitative form of the twin prime conjecture (see [7]), or a more precise conjectural formula for pair

correlation by Bogomolny and Keating [3] or Conrey and Snaith [9]. For details, see the work of Chan [6].

1.3. Number variance of zeta zeros. In a series of papers, Fujii [IT] 12l 3] considered the 2kth mo-
ments of the difference S(t + A) — S(t). Using Selberg’s methods, for T sufficiently large, Fujii [11] showed
unconditionally that

T

_ 2k 34 — ﬂ k k—1/2
/[S(t FA) = SO db = 5T (2log(2 + AlogT))* + O(T (log(2 + AlogT)) ) (1.8)
0
when 0 < A < 1 and, assuming RH, Fujii [I3] showed that
f (2k)!12F
! , k k-
/ [S(t+A) = St = mT(nglogT —log|¢(1+iA)])" + O(T(loglog T) 1) (1.9)
0

when 1 < A < T. Fujii’s result in (L8) gives an asymptotic formula when AlogT goes to infinity with 7'
(sufficiently slowly). If AlogT < 1, then the main term and error term in this result are the same order of
magnitude and this result does not give an asymptotic formula. Fujii’s result in (IL9) has an error term of the
same order of magnitude as Selberg’s conditional result in ([3]). In particular, when k& = 1, the error term
in (L9) is O(T). In this case, similarly to Goldston’s result for the second moment of S(t), the contribution
from the zeros of ((s) gives a term of size T', and Selberg’s method cannot be used be used to identify this
main term. Realizing this, Fujii [I2] applies Goldston’s methods [15] to his own work and, assuming RH, he
shows that for 0 < A = o(1) we have

T 1 o)

/[S(t+A)—S(t)]2dt:£2 /l—COS(aAlogT a+/F 1—Cos(aAlogT)] N
T Q

0 0 1

1
logT

assuming both RH and Montgomery’s pair correlation conjecture. A calculation related to (LI0) can also

as T — oo. Gallagher and Mueller [14] had previously given a similar estimate in the limited range A =<

be found in recent work of Heap [I7, Proposition 9]. Notice that the expression of the main term in (II0) is
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stated using information from the zeros, in the form of F(«). As we shall see, more information about the

distribution of the zeros of {(s) is required in order to accurately describe the situation when A > 1.

Our next results refine Fujii’s calculation in (LI0) by giving an asymptotic formula of similar precision
but with a much larger range of A. This requires expressing the main term in a different manner, giving
a better understanding of the behavior of the number variance for zeta zeros for different sizes of A. To
achieve this, we must overcome significant technical challenges, as new main terms arise and a more careful
consideration of the error terms is required. Our result relies on finer information from both the primes and
the zeros of ((s). In particular, we require a variation of Montgomery’s function F(«) introduced by Chan
[5] in his study of the pair correlation of zeros in longer ranges. We defin

2 o
Fae) = Fa(e, T)i= gon 3 107 N -y -4, (1.11)
0<y,v'<T

and we prove the following theorem.

Theorem 1.3.1. Assume RH and let 0 < A = o(log> T). Then, as T — oo,

T A '
/[S(t—l—A)—S(t)]th_%{%/(%(14—1’15)—%(1—1’15)—w>dt+5(A)
0 0

. % / 2F () — Fa(a) — F_a(a) da} - o(T)
1

and

St~

A
log [¢(5 + it +iA)| —1og\c(%+it)\]2dt_T{i,/ (<—(1+it)—%(1—it)— M)dt
0

where

C(A) = Z Z (# - %) pim(l — cos (Amlogp)). (1.12)

We highlight that there is new input from the zeros contained in the function Fa, and new input from
the primes codified in the integral of the logarithmic derivatives of {(s) on the line Res = 1. The integral
involving F is convergent and remains bounded as T' — oo (see Lemma [B.1.T]). Conceivably, Theorem [[L3.1]
continues to hold in a much longer range of A. We give two alternative formulations of this theorem. Our

first reformulation better illustrates the connection to Fujii’s previous result in (LI0).

Theorem 1.3.2. Assume RH and let 0 < A = o(log® T). For y > 1, define

E(y) =Y _ A*(n)—ylogy+y. (1.13)

n<y

L Chan works only with the real part of Fa.



Then, as T — oo,

T

/ [S(t+A)—St)]*dt =

0

1
1—

/ cos(AalogT) do+ 1

2

0

+ ﬁ c(A)+o(T)

and

2

T
/ [log 1C(3 +it+iA)| —log|¢(5 +it)| | dt
0

da

a2

1 0
_7 /1—cos (AalogT) da+1/2F(a)—FA(o¢)—F,A(o¢)
0

1
+Te(A) + o(T),

where

E 1 2
ig [—vlogy sin(vlogy) + sin? (%) (logy + 2)} dy — v (1.14)
y?log”y 2 2

c(v) =

Using Theorem [[3T] the function ¢(v) can also be written in terms of the Taylor series expansion of

¢ ¢ 2
1+4t) — =(1—1dt + —
R —(1+it) R (1—it)
about ¢ = 0. Note that, for 1 < y < 2, we have E(y) = —ylogy + y, and the prime number theorem

(unconditionally) implies that E(y) = On(y/log" y), as y — oo, for any N > 0. These two facts, together
with the inequality |sinz| < |z|, imply that c(v) is well-defined and that c(v) < v?, for all v > 0. In
particular, if A = o(1), as in Fujii’s case in (ILI0), then the term T ¢ (A) = o(T) and can be absorbed into
the error term. Moreover, when A = o(1), we show that this integral reduces to the analogous term in
(CI0) involving F(«) (see Section [), recovering Fujii’s result in this range. This reduction, while based on
simple ideas, is quite subtle, and requires another technical but straightforward modification of Montgomery’s

theorem for F'(«) to control some of the error terms.

As explained above for Theorem [L21] the proofs for the imaginary and real parts of log( ( + it) are
similar, but the proof for the real part is significantly more difficult. For this reason, we give the details
only for the latter. Although we present the main steps of the proofs of Theorem [[L2Z.I] and Theorem [[L3.2]
in parallel, it is important to note that the proof of Theorem [[L2.1] is independent of the proof of Theorem
Additionally, we will use Theorem [L2.1]to control some of the error terms in some steps for Theorem
(see Lemma T4 below).

Our second reformulation of Theorem [[.3Tlillustrates the input from the primes and the zeros in a simpler
way. As we shall see in the next section, this has the advantage of allowing for a simple comparison with a

conjecture of Berry [I].



Theorem 1.3.3. Assume RH and let 0 < A = o(log> T'). Then, as T — oo,

T
/[S(t—I—A)—S( )P dt = j;{z A (7;) (1 —cos(Alogn))

0
J nSTnlog n

. %/ 2F (a) — FAO(E) — (o) da} +o(T)
and
T
/[1og\é( +it +iA)| = log[C(5 +it)] {Z nlOg (17 eon(Blozm)
/ <T
N %/ 2F (o) — FAO(E) — Fa(a) da} +o(T).

1

The proofs of all of our theorems rely on knowledge of F(a) and Fa(«) for |a] < 1. Tt is known that
F(«) is real-valued, positive, and even. Moreover, refining Montgomery’s original work [20], Goldston and
Montgomery [16] showed that

F(a) = (T7**log T+ ) (1+ 0(1)), (1.15)

uniformly for 0 < « < 1. Here, the term of o(1) is of size O(, / %). In contrast, the function Fa(«) is

no longer positive, nor real, nor even; however, it satisfies the symmetry relations
FA(Oé) ZFA(—CV) :F_A(Oé). (1.16)
Combining the methods of Chan [5l Theorem 1.1] with Goldston-Montgomery [16], it can be shown that

(A + 1)T‘a(%‘a)
logT ’

Fa(e) =T 2%log T + aw(A) T4 4 0( T72) + O, (1.17)

Tor) O

uniformly for 0 < o < 1 and small € > 0.

1.4. A conjecture of Berry. The Hilbert-Pdlya conjecture states that the imaginary parts of the zeros
of {(s) correspond to the eigenvalues of some self-adjoint operator, and this would imply RH. In 1973, as
a consequence of his work on the pair correlation of zeros, Montgomery [20] was led to conjecture that the
zeros of ((s) are distributed as the eigenvalues of a random matrix from the Gaussian unitary ensemble
(GUE), giving support to a spectral interpretation of the zeta zeros. Montgomery’s conjecture is supported
by numerical evidence of Odlyzko [23], which suggests that the GUE model holds for short-range statistics
between zeros, such as the distribution of the gap between consecutive zeros. However, Odlyzko’s evidence
shows that the GUE model fails for long-range statistics, such as the correlation between zeros that are very
far apart. In this case, Berry [I] suggested that these long-range statistics are better described in terms of

primes, instead of GUE statistics.

Berry [I] proposed a conjectural model for the zeros of ((s) as the eigenvalues of a quantum Hamiltonian
operator. His model is expected to conform to the behavior of both short-range and long-range statistics of

zeros, as described above. In 1988, Berry used his model to conjecture an asymptotic formula (in terms of
7



our notation) for
T

2
/[S(H— lgg‘;) - S(t)} dt. (1.18)
0
As described above, the universal regime of his model is when § = o(logT'), while the non-universal regime

corresponds to 6 > logT.

We first briefly describe Berry’s conjecture following his notation. For E > 0, define
£ E 7
FE) = log— —1

N(E) = - (log 1) + .

so that, by (1)), we have N(E) = N(E) + S(E) + O(%). For m > 1, let x,, = N'(7,,) be the renormalized
zeros of ((s), so that the sequence z,, has average spacing 1. In what follows, we let E, x, and Az be
three large parameters, which we think of as going to infinity, satisfying the relations Az = o(z) and
z = N(E) ~ £logE. For L < x, let n(L;x) be the number of renormalized zeros zy, in the interval

[:v — %, T+ %] In particular, note that

w2 s(xv-1 (o £)) s (o £)) wof(59).

We define the variance as

er%
1
V(Liz) = ((n(Ls2) = L") i= = | [n(Liy) — L dy.
Bz
2
Finally, we let 7* be another parameter, such that 7* = % for some function ®(F) that goes to infinity

as £ — oco. Berry’s conjectural formula [I, Eq. (19)] states that
1
V(L;z) ~— [log(2wL) — Ci(2xL) — 2rL Si(27L) + n°L — cos(2wL) + 1 + o]
T

oo P <(E/27T) .92
Lrl log(E/2
+— 22 Z sin” (w Ly log p/ log(E/2)) + Ci(2nL7") —log(2nLT*) — o | ,

T2pr
as E — oo, where v is Euler’s constant,
Si(x) := / smudu, and Ci(z) := —/Cosudu. (1.19)
U U
0 T

The right-hand side does not depend on the choice of 7, as E — oo. The universal regime is when
L = o(1/7*), where the term in the first set of brackets is the dominant (leading order) term. See also [11
Egs. (20) and (21)] for simplifications in different ranges of L. Translating to our normalization and our
notation, Berry made the following conjecture.

Conjecture 1.4.1 (Berry, 1988). Let 6 > 0. Then, as T — oo, the following asymptotic formulae hold.

(a) If 6 = o(logT), then

ogT

T
2
/ t + 12’"? S(t)] dt = 12 log(276) — Ci(2m6) — 2m6 Si(2m0) + 726 — cos(2m8) + 1 + o] + o(T).
e
0
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(b) If 6 > logT, then

T

Js(e+ ) -] ar= £ | 5 0L (1o cos( LY ) 4] o)

2
J nSTnlog n

In 1990, Fujii [I2] proved an asymptotic formula for (IL.I8]), assuming RH, in the universal regime where
d = o(logT'). In particular, assuming RH and Montgomery’s Strong Pair Correlation Conjecture, Fujii proves
Berry’s conjecture in the universal regime (part (a) of the above conjecture). However, Fujii’s proof relies on
the fact that % — 0 as T'— oo in numerous places, and it is not obvious that his proof can be modified

to establish part (b) up to an error of size o(T).

Assuming RH and a version of the Strong Pair Correlation Conjecture (in longer ranges) due to Chan,
we show that our formulae in Theorems [[L3.1]- 3.3 imply Berry’s conjecture in both the universal and the
non-universal regimes. Although Berry never conjectures the range of § for which part (b) of Conjecture
[CZ T holds, we verify his conjecture holds in the range 6 = o(log% T'). Conceivably part (b) continues to hold
for § in a much longer range. We require the following generalization of the strong form of Montgomery’s

Pair Correlation Conjecture due to Chan [5, Conjecture 1.1].

Conjecture 1.4.2 (Chan, 2004). For |a| > 1 and A = o(log% T) , we have
Fa(a) =T w(A) (1+0(1)),

uniformly for a in compact intervals as T — oo.
Corollary 1.4.3. Assume RH and Conjecture[I1.4.2. Then, Conjecture[1.4.1] holds for all 6 = o(log% T).

The restriction on d in the above corollary comes from Conjecture As we shall see, the restriction
A = o(log* T) in Theorems [[31 -~ L33, corresponding to § = o(log® T), arises naturally in two different
places. It first arises from the last error term in the formula (ILI7) for Fa(«) from [5 Theorem 1.1] (see
Lemma BI1] and Lemma [B.32), and it again arises from estimating a sum over primes in Lemma F2.T]
below. In the following sections, we attempt to state each lemma in the largest possible range of A to clarify

where these restrictions appear.

2. A REPRESENTATION FORMULA FOR log |¢(1/2 + it)]

2.1. Some auxiliary functions. Following the ideas developed by Goldston [I5], we must obtain a repre-
sentation formula for log|((1/2 + it)| in terms of a Dirichlet polynomial supported over prime powers and
a sum over the zeros of ((s). This is based on an explicit formula of Montgomery [20] and, in our case,
requires introducing three auxiliary, real-valued functions, whose technical properties play important roles

in our proof. For u € (0,2), define

o Oosimh[y(l —u)|
flu) = u/ Wd% (2.1)
0
for u € (—2,2), define
o Tev cosh(uy) .
gu) = [ oot gy (2.2

9



and for v € R\ {0}, define

o0

h(u) := cosu/ J dy . (2.3)

coshy y2+u?
0

Before stating our representation formula, we collect relevant properties of f, h and ¢ in the following lemma.
This is similar to the ideas and functions used in [8, Lemma 4 and Lemma 5], and they will be used to obtain

a delicate cancellation of main terms.

Lemma 2.1.1. Let f, h, and g be defined in (Z1), Z3), and [22), respectively. Then

(a) we have g € C™(—2, 2) and g is even;
(b) foru € (0,2), we have

(c) we have h € LY(R) N L*(R), h is even, and

~ 9(2ma), if 2mlal <1,
hia) =7 1

— . if 27|al > 1.
2l if 2m|al

REMARK. We highlight that A has an unbounded but integrable singularity at the origin, which is different
from the situation in both [I5] and [8]. We also note that f, g, and their derivatives are uniformly bounded

on the interval [0, 1].

Proof. First we consider g(u) as defined in (22]). By the Dominated Convergence Theorem, we have that
g € C°°(—2,2). The fact that g is even follows from the fact that cosh(y) is even. Now let u € (0,2). Then

for all u > 0, we know

1
— = /efuydy.
u

0
Using this representation for %, it follows that

Lo f) [ (o sinhly( ) Fev e o) e veoshuy)
/( )dy/ dy/ dy = g(u)

U coshy eY+e Y coshy

as claimed. Next we consider h(u) defined in ([23)). First, note that h(u) is even by construction. Next, we
will show that h € L*(R). By the definition of h, observe that

T T 1 T U T du
h(v)|dv <2 dvdu = = 72
/| (w)ldv < /coshu/uQ—l—v2 v 7T/coshu o
—o0 0 0 0
which implies h € L*(R). Next, we calculate the Fourier transform of h(v) using the well known Fourier pair
1 1
_ 27 o~ _
p(y) =2 and  3(¢) = it (2.4)

Let a € R. Since h is even, we may assume a > 0. Using the variable change w = £ and (2.4), it follows that

o0

h(a) = / h(v) e~ 2™ du

10



o0 oo

[ i |

cosv
u? 4 v?

u o
e 2miav dv du

coshu

—a)2miw + eu(fifa)Q

ﬂiw)

dwdu

1+ w?

0 —00
1 / 1 / (e*(3%
2/ coshu
0 —00

s 1 —u|l—2ma —u|l4+27a
:§/coshu(e | '+ ‘)du
0
g(2ma), 0<2ma <1,
=931
—, 2ma > 1.
5a ma

Clearly, h € L%(R), and therefore h € L2(R). This completes the proof.

2.2. Representation formula. We now state our formula for log|¢ ( + it)].

Lemma 2.2.1. Assume RH. For x > 4,t> 1, and t # ~, we have

Zh

log [¢(% + it)]

)cos(tlogn) . [logn

log 2 log %

—t)log ] +Z n1/2logn f(loga?

Proof. We begin with the fact that, for ¢ # 7, we have

(oo}

C—/a it)do
/Reg(%—t)d.

1/2

log |¢(% +it)| =

)+

2logx

g

tlog? z

).

Now we use a slightly modified version of an explicit formula of Montgomery [20] (see [8, Eq. (2.6)]). For
pzé—i—i%:vzél, s =0 + it with o > % and t > 1, we have

1

1
(17075 +x2

2(0 — 3)
)Re— (o +1it) cos((t — ) logx) 2
Z (0= 3)2+(t=7)?
1 1
- E A(n) cos(tlogn) xk
n nt—7

n<zx

7% (1 - 20)

1
.
* Re((a—it)(l—a—it

+ O(UT2 (x_5/2 + 171/2_")) .

)) —:c%fflog< !

2

)

(2.5)

This immediately follows from [8, Eq.
1 1
(772 4+ 2277) = 2cosh((o —

3)logz) and integrating (ZF5) from

(2.6)] by letting n = 1 therein and taking real parts. Dividing by

% to infinity, for x > 4, ¢t > 1, and t #

we have
7 (c—1) do
1 + it)] (=)
og|((z +i ZCOS Og““’)// (0 — 12+ (t—7)? cosh((o — 1) logz)
1/2
o/ 1 1, q
2 T2 o
+ An (t1 -
Z ) cos( ogn)/ ne nt=7 | 2cosh(( ) log x)

n<zx 1/2



x 1
; 5 — do
1/2R, —it / (3 -9
T ‘1" (o —it)(1 — o —it) cosh((oc — ) log z)
1/2
[es) 1 00
¢ 5—0 1 2 (,.—5/2 4 1/2—0
log — z T de+0]| - / o (o 13: ) do | . (2.6)
2 2w J cosh((o — 3)logx) t cosh((o — 5)logx)
1/2 1/2

By using the substitution, u = (¢ — %) log z, the integral in the second main term of (Z.6)) yields

o) 1 1
/ x?7 2 x27 do B 1 s logn
neo n'=7 | 2cosh((c — 1)logz)  n'/?logn” \logz )’
1/2

where f is defined in (ZI)). Again, by the same substitution, for the first main term of ([26]), we have

o0

(0—3) do
_Zcos ((t—~ log:v)/ =175 (t =772 comh((o = logaz Zh [(t —~')log ],

1/2

where h is defined in (Z3]). Finally, the fourth term of (26 equals

log 5~ log 2 log 5=
g 27r / 1 do = g g 27 .
cosh((o — 5)log x) 2logx

1/2

MI»—I

The other terms are error terms and can be treated similarly to the proof of [15, Lemma 1]. Combining all

the terms of (Z6]) completes the proof. O

Note that we have the extra main term 282198Y/27 whep compared to Goldston’s formula for S (t) in [15

Tog &

Lemma 1]. This comes from Stirling’s formula vfhen analyzing the real part of %(s), and it does not appear
when taking the imaginary part. We use Lemma 2:2.7] to obtain an expression for the quantities we want
to compute in Theorems [[L2.1] and We now adopt some notation for the expressions we will consider.
Henceforth, let 7> 4 and A = A(T) be a function of T such that 0 < A < T?, for some fixed 0 < b < 1.
For t > 1, denote

A(t) = Z An) cos(t logn)f(logn> and Zh —t)log ], (2.7)

ni/2logn log z

n<zx
so that A(t) contains the information on primes and B(t) contains the information on zeros in our expression
for log|¢(1/2 + it)|. Additionally, denote

T
—/|A(t)|2dt, G := —/|A(t+A)—A(t)|2 dt,
T

=2 [ A(t) log|¢(5 +it)| dt,

——

Hy =2 [A(t+A)—A ] [log [¢ (5 + it +iA)| —log |[¢(5 +it)|] dt,

m—

12



T T
R ::/|B(t)|2dt, Ry ::/|B(t+A) — B(t)| dt. (2.8)

In the next result, we use Lemma 2.2.T] to write the objects in Theorems [[L2.1] and [[L32] in terms of the
above expressions G;, H;, and R;.

Lemma 2.2.2. Assume RH. Let A<z <T and let 0 < A < T, where b < % Then, as T — oo, we have

T
log® 2 TlogT V.
(a) /log2 |C(%+it)|dt:G1+H1—l—R1—T10g2T40g +O( % >+O( IRl);

log? x log? x log? x

1
T

0) [ Toglc(3 +t+i)] ~log|o(h + )[4t = Ga + Ha + R +0<
1

VTR
- > + O( . 2) :
log™ x log” x
Proof. By rearranging the terms in Lemma 221 we have
log 2 log %

2/
B(t) + O(i) =log |¢(5 + it)| — A(?)

tlog? x 2logx

Squaring the above expression and then integrating from 1 to T yields

R1+O<m>+0( e )

log” = log* «

T
, log?2 T'log® T TlogT
= [ log?|¢(% +it)|dt — Hy — Gy + - -
1/ 2103+ it — = Gy + 252 TEE T 1 o o
uy 'y
—— | [ A(t)logtdt — /1 L4 it)logtdt 2.
+0( | [Aogtar] | + 0 o floglc(h + il ogear] | (29)
1 1

where we used the Cauchy-Schwarz inequality to bound the first error term on the left-hand side. For

the second error term on the right-hand side of (29, since f(v) is uniformly bounded for all v € [0, 1],

T
|cos(v)| <1 for all v € R, and [n“logtdt < logT for n > 2, we see that
1

log x loga £~ nl/2logn  logx

T
/A(t) log? 4 « logTZ An) o VE e
1

To control the last error term on the right-hand side of (Z.J), consider the antiderivative of log [((5 =+ it)]
Assuming RH, it is known that

T
/log I¢(3 +it)| dt < logT.
1
(See [, Lemma 2.2] for a slightly stronger estimate.) Thus, using integration by parts, we obtain
log®> T
log x

T
! 1 .
log /10g C(5 +it)|logt dt <
1

By combining and rearranging all the calculations for the terms in (Z9)), we complete the proof of part (a).
13



For the proof of part (b), since A < T?, we observe that for t > 1, 2 > 4, and € > 0 the mean-value
theorem implies that
log 2 [log (42 ) — log 2= | T3¢

2logx < tlogx’

so that this term is absorbed into the error bound. The rest of the proof of part (b) is analogous to the proof

of part (a). Consequently, the proof is complete. O

In order to conclude the proofs of Theorems[[. 2 T]and[[.3.2] the following sections are devoted to estimating
the quantities G;, H; and R;.

3. CONTRIBUTIONS FROM THE ZEROS

3.1. Auxilliary lemmas. Before we compute R;, we remark that the constant a as defined in (L)) actually
has a mild dependence on T, since it is defined in terms of F(a,T). In this subsection, we collect several
useful technical estimates regarding the zeros and the function Fa (o, T), and we show that this dependence

on T can be controlled in the proofs of our main theorems.

Lemma 3.1.1. Assume RH. Let T >4 and A = O(log? T). Then, for 3 > 0, we have

B
I N
0/(2F( ) = Fala) = Foa( >)d <(1+8) (1+10g2T>
and 00
/2F(a)—FA(04)—F*A(O‘)da<<1+ A
2 log? T

1
where the implied constants are universal.

Proof. Consider the identity
2

/e“”‘“' [1 —cos(AalogT + 2w Au)] Z T ™ du. (3.1)
0<y<T

- 82
- TlogT

2F(a)) — Fa(a) — F_a(a)
In particular, 2F () — Fa(a) — F_a(a) > 0. Lemma BITl follows by modifying an argument of Goldston
15, Lemma A] in a straightforward manner and applying Chan’s theorem for Fa(«) in the form given in

CID). O

Lemma 3.1.2. Let T >4, 0<|A|<T,0< H<T, and w(u) = Then,

_4
4+4u? -

@ > =9 -Alwly—v—A) < TlogT;
0<y,y'<T

(b) Z wly =7 = A) < (H+ |A] +1)log? T;
T—|A|=1<v,y'<T+H

(c) Z wly —+ - A) < log” T

0<y<T—|A|—-1
T<y'<T+H

where the implied constants are universal.
14



Proof. By interchanging v and 7/, we may assume that A > 0. We have

Yo hv=A —Alwly=+-A)= > (A+y -puwly-v-A4)
0<y,y'<T 0<y,y'<T
y—~'—=A<0

+ > (=7 =Auwly-+ -4
0<v,y'<T
y—~'—=A>0

=21+ 2,

Al < min {1 i
44+ u? — " ul

and the fact that there are O(logT') zeros in the interval [T — A — 2, T — A] to estimate Z; as follows:

0 D DR T S

A+ —
0<y<T v—A<y' <y—A+2 0<y<T ~v—A+2<y'<T T v
logn
< E logT + E E
n —
0<~y<T 0<y<LT v+2<n<T+A v

< Tlog?T + Z log?(A 4+ T')
0o<y<T

say. We use the inequality

< Tlog’T,
since A < T. The bound Z, < T'log® T is similar. This proves part (a).

For part (b), since 0 < H < T, we use that for 0 <n < T + H) there are O(log T') zeros in the interval
(n,n 4+ 1) to obtain:

1
-7 —A) < logT
Z wly =7 ) < log Z Z 1+ (y—T+|A|+1—-—n—A)2
T—|A|-1<~y,v'<T+H T—|A|-1<y<T+H 0<n<H+|Al+1
< logT > 1< (H+|A|+1)log?T.

T—|A|-1<y<T+H
In the last line, since the summand is positive, we may bound the sum over n by a sum over all integers and

then use the fact that function

1
I
neZ 1+ (:E + n)
converges to a continuous periodic function of x € R. In particular, it is uniformly bounded.

For part (c), note that, for 0 <y <T—|A|-land T <~' <T+H,wehave |[y—v —A| >T+A—~v > 1.

Then, using that w(u) < %, we have

, 1
Z w(y —79"—A) < logT Z Z Trnth_o)

0<y<T—|A]-1 0<y<T—|A|-1 0<n<H+1
T<y'<T+H
1
< logT —_—
& Z T+A—xy

0<y<T—|A|—-1

logn
<logT ) 81 «10g®T,
n
1<n<T+|A]

15



since |A| < T. This completes the proof of the lemma. O

Lemma 3.1.3. Assume RH. For T >4, let |A] < log2 T, and let 0 < H <T. We have

(a) /100 Flo,T+H) da = /100 Flo,T) da + O(i(H; D) log® T);

o? a?

do
a? a?

oy [T = Pyl ) = Pos(o )y, [ 2 T) = Pyl T) =P

U140, )

+O( -

Here, the implied constants are universal.
Proof. First, we prove a pointwise estimate for Fa(a,T + H) that holds in the larger range |A| < T and is
useful for both parts (a) and (b). By the mean-value theorem, for # € R, we have

L H) 1 | "
0 i _ -
(T+H)" =TV < == and G e T F i)~ Tloa T (1+O<T>)'

Therefore, for A € R with |A| < T, we have

21
TlogT

Fa(o, T+ H) =

S @+ H)O My =4~ A)+ 0 <%FA(O, T + H)> .
0<~,y/<T+H
To bound the last error term, one can see that |Fa (o, T)| < FA(0,T) < logT (uniformly for 0 < |A| < T),
analogously to the classical bound for A = 0. Now, to estimate the difference |Fa (o, T + H) — Fa(a, T)],
we separate the double sum over zeros in Fa(a,T 4+ H) depending on whether the zeros lie in the interval
(0,T] or (T, T + HJ. Using the triangle inequality, we obtain

2T : A iy —ny —
|Fa(o, T+ H) — Fa(a, T)| < TlogT S @+ YO i =) y(y — 4 — A)
0<y,y'<T

2T ,
-y —A
* TlogT S wly=+-4)
T<v,y'<T+H

27 ,
Y —A
* TlogT Y wly—+-4)
0<~y<T
T<~'<T+H

2m , H
—v' =A)+ 0| =logT
* TlogT Z w(y =" —A)+ (T og >
o<~y ' <T
T<~<T+H

H
=Y1+Y'2+Y3+Y4+O(TlogT),

say. By the mean-value theorem and part (a) of LemmalB T2 we find that ¥; < £|a|log? T Since w(u) > 0,
we may extend the sum in Y3 to apply part (b) of Lemma B2l Therefore, Y2 < +(H + |A|+1)logT. We
estimate Y3 by further dividing the sum into two parts:

YNoowly=y =)= D wh-v -+ > wh—9-4)

0<y<T T—|A|-1<y<T 0<y<T—|A|-1
T<~y'<T+H T<~y'<T+H T<~'<T+H

< (H +|A] +1)1log? T + log® T,

where we used that w(u) > 0 to extend the first sum and applied parts (b) and (c) of Lemma B.1.2]

respectively. This yields Y3 < +(H + |A| + 1)log>T. Y, can be treated similarly to Y3, since we may
16



interchange v and 7/, use that w(u) is even, and replace A with —A. Combining the above estimates, we

obtain that

1)(H + |A| +1)log® T
Fa(a,T + H) = Fa(a,T) + O (“O" *+ 1) +7|1 [+ Dlos ) (3.2)
uniformly fora € R, T >4, 0< H <T,and A € R with 0 < |A| < T.
We now use the pointwise estimate [32) to prove part (a) as follows. It is known that
B
/ Fla,T)da < 1+ 5, (3.3)
0
uniformly for § > 0 and T > 4 (see [I5, Lemma A]). Integrating by parts, for 8 > 1 this implies that
< F(a,T 1
/ (a2 ) da < —.
g« B
Therefore, by the case A = 0 of the estimate ([8.2)), we obtain
oS T
/ F(a,T2—|—H) da:/ F(a,T2—|—H) da+0(i)
1 o 1 o T
T 3
F
:/ (a,2T) da+0((H+1)log T)
1 o T
> F(a,T H+1)log® T
[T g o )
1 o T
This proves part (a). Part (b) is similar, using that |A| < log® T and Lemma BT in place of (33). O

3.2. Unbounded discontinuities. In this section, our goal is to express R; as a sum over pairs of zeros of
¢(s) in order to apply Montgomery’s pair correlation method to estimate R;. The arguments of Montgomery
and Goldston consist of localizing the sum to zeros in the interval [0, 7] and then extending the integral in
the definition of R; in (Z8) to infinity, up to small errors. However, due to the unbounded discontinuity of
our weight function A at the origin, their arguments do not apply directly. This leads to difficulties, and
we must use a different and delicate approach to control the error terms in this case. The first part of this
approach lies in the introduction of a sequence of T;,’s for which the following lemmas will hold. The idea
of using such a sequence is classical (for instance, see [10, Ch.17]). Since N(T' + 1) — N(T) < log T, by the
pigeonhole principle, for every n € N we can find a sequence {T,,} satisfying
n<T <n+1 and |7—Tn|>>i. (3.4)
logn
In this way, we obtain similar results to Goldston on a sequence of points tending to infinity, despite the
unbounded discontinuity of our function h. Now, we define
L~
K(E) = — (e, (35)

and we prove the following lemma.

Lemma 3.2.1. Assume RH. Let T € {T,,}, where T,, satisfies (34)). Define k as in BH) and R; as in
23). Ford<z<T and 0 < A< TP, with0<b<%, we have

(a) R i > @[(7—7’)10gw]+0(ﬁ10g2T);

log x
0<y,7y'<T

17



272 -~ -~ loglog T
b = E[(y =41 —k[(y=+"—-A)l T ——— | .
(b) Ry 1°gwo<§q{ [(y =) loga] =k [(y—~ )oga:]}w( Ve )

Proof of part (a). First note that for v # t, using an argument of Goldston [I5] p. 158], we find that

Z hl(t—)logz] = > h[(t—7)logz] + O(logT), (3.6)
1
‘tf’Y‘Slogm
since h(v) < -5 for |v| > 1. Here, 7 = |t| + 2. Similarly, modifying an argument of Montgomery [20, p. 187],
we deduce that for ¢ € [0,T] we have
S° hl(t—y)loga] = 3 At -~ 1og;c]+o([T+t+1+t+Ll} 1ogT), (3.7)
4 yel
Y¢[0,T7

where I ={y: T <~y <T+ loém }. We now show that the terms in the sum for which « ¢ [0, 7] contribute
an amount of size o(T) to Ry. Using (B.6) and ([B.7), we restrict the interval of zeros within the sum in Ry

to v,7" € [0,T]. Then by expanding the integral, we rewrite Ry as
T

Rlzz /h[(t— ) logz| h[(t —~ )10gw]dt+0(/2|h [(t —~)log ]| Z |hl(t —~ log:v‘dt)
0<y,y'<T g Vel [t='1<7 !
ogx
T
+0(/th [(t—~ 10gx’10g7dt>+0(1ogT/ = + T log7dt>
1 Vel 1
T
+O(10gT/[T+t+l + H—Ll} Z |Rl(t—+") logx]’dt>. (3.8)
1
1 ‘ti’yl‘glogm

Integrating the third error term on the right-hand side of B8] gives
T

log T/[T%Hl + H—Ll} logtdt < log®T.
1

Using the facts that h € L' and
logT logT

I
1< logz  loglogT’

the second error term on the right-hand side of (B.8]) reduces to

/Z’h [(t—~ 1og:1:‘logtdt<<logTZ/‘h [(t—~ 1ogx’dt<<

yel yel*

Similarly, the fourth error term on the right-hand side of [B.8]) yields

T
logT/[TftJrl t+1} Z ’h [(t —+")log z]| dt
1 [t—v'|< logm
T T
zlogT/ T_1t+1 Z |h[(t—”y’)loga:]‘dt—l—logT/H_L1 Z |n[(t —+")log ]| dt
L < s U =< 53

=51 + 5.
18



We introduce a parameter 1 < H < T to split the range of integration for S; as follows:

T—H T
1 1

1 lt='1<Togm T-H L=< 1og 2

= S11 + Si2.

To estimate S11, we note that T —t +1 > H + 1, extend the sum over 4/, and use that h € L'. We find that
-H

logT
Su < g ) / |h[(t — ") log z]| dt
0<~'<T

Tlog®T
H+1"°
For Si2, we use that T'— ¢t + 1 > 1 and extend the sum slightly to obtain
T

Siy < logT > |h[(t —+)log ]| dt
(T-H-1)<y'<(T+1) 72 g

< H log2 T.
To balance these two error terms, we choose H = +/T. Therefore, we conclude that

S < \/Tlog2 T.

We estimate Sy similarly, by splitting the range of integration from 1 to H and from H to T. We again
find that

Sy < VTlog?T.

By combining the estimates for S; and Ss, the fourth error term on the right-hand side of [B.8]) can be

estimated as

T
logT/ T o+ t+1} Z |h[(t —~")loga]| dt < VTlog?T. (3.9)
1 1
log x

[t—'|<

For the first error term of ([B.8]), we again split the range of integration and find that

/Z|ht— 1oga:\2|ht— )logz]| dt = /Z|ht— 1oga:\2|ht— ) log z]| dt

yel

rel [t=7'1< s =< 3
T
+ / Z’h[(t—v)log:v” Z’h[(t—w’)logw”dt
T-1 vel |t*7/|§10é1
=31 + Xs.
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For v € I and ¢ € [1,T — 1], we know h[(t — v)logz]| < = Since h € L', by an argument similar

)2 log? x*
to the proof of [B7), we see

-1

2 T s

YK

Z |h[(t —~")log ]| dt

H\’ﬂ

— 21og T
ver ( =7 1< g
T—1 1 1
log T hl(t —~")1 dt
A / [T—t+1+t+1] 08T ). 1‘ [(t =) log ]|
1 It |<1ogz

< VTlog?T,

where we used (B9) in the last line. Since T' € {T),}, we know that |y — T'| > @. Thus for ¢t € I, we
have that T —1 <t < T and T <~y < T+ loéx imply [t — | > @. Since |I| < 1 and x > 4, using that
h(v) < 25 for all |v| > 0, we know that

D[Rl =) log ]| < Z ‘h (}gg;)‘ <log’ T 1< log’ T.
yel ~el

Hence, since 7' is contained in an interval of size less than 1, it follows that

Yo < log® T / Z |n[(t —+")log ]| dt

T-1 [t—v'|<

logx
log x wia
|T—v'[<2
log T
log x

for all T € {T,}. Hence combining our estimates for 3; and o gives

/Z|h[(t— Ylogz]| > |h[(t—7")loga]|dt = Ty + Ty < VTlog*T.
1 ’Ye]

[t—v I—logz

Therefore, Ry is confined to v, € [0,T] with an added error of O(v/T'log® T'). Similarly, we may extend
the integral range of [1,T] to (—o0, 00) with the same error. Thus,

Ri= / hl(t —~)logz] h[(t —~')log x]dt + O(VTlog> T).
0<y, ' <T "o
We now use the properties of h(v) expressed in Lemma 2.T.1] to simplify our expression for R;. Since

h € L' and it is even, we can use the substitution u = (¢t — 4) log x together with convolution to find that

! Z / (v —u) h(u)du 4+ O(VTlog® T)

1og:1: 0t
1 2
= Togz Z hx h(v) + O(VTlog? T),

0<yy'<T
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with v = (y—~/)logx. Since h € L', we know that convolution is well-defined and h * h = h?. Furthermore,
from Lemma ZTI] we know that h € L2, and therefore k(¢) = #ﬁ({)z € L'. Thus by Lemma ZT1] B3],
and the properties of Fourier Transform, we have

2

Ry = > kl(y =) loga] + O(VTlog® T),

log x
0<y,y'<T

as claimed.

Proof of part (b). The proof here is similar, but we highlight some important differences. Recall that
T
Ry = /[B(t +A) — B(t)]* dt,
0
where we defined B(¢) in (271). First, by Lemma and part (a) of Lemma 3.2 since A < T° with

b < %, we have that
T+A T 1 1 T
/ B(t)*dt = /B(t)2dt+O<T,/%> .
0og

1+A 1
Therefore, we find that
loglog T
Ro = 2Ry — 2 + o<T, /%) ,
logT

where

T

Ryy := / Z h((t + A — ) logz|h[(t — ') log x] dt. (3.10)
o 77

As in part (a), we restrict the double sum in I0) to the interval [0,7] and then extend the integral to R,
up to an error term o(7'). For this purpose, note that
> Bt +A =)loga] = > Al + A —)loga] + O [ 7=t + 7| log 7).
2¢0.7) el
where In ={v: T <y <T+A+ @} Note that |Ia| < (A 4+ 1)logT. By computations similar to those
of part (a), we find that

T

2
Roy = Z /h[(t + A =) logz] h[(t —~")logx] dt + O (W) +0 (\/Tlog2 T)
0<y,7/<T ] 08T
T
+0 / > h[t+A=y)loga] Y h[(t—+)loga]| dt | . (3.11)
1 [7Ela [t='1< s

The next step is different from the steps in the proof of part (a). To bound the last error term in (IT), we
use the Cauchy-Schwarz inequality:

T
/ Z hl(t+ A —v)logz] Z h[(t —~")log x]| dt
1

vElA A 1
[t— ‘Slogm
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< Z hl(t+ A —v)log ] Z h[(t —+')log x]
RISIIN 2 \t—'y’\<% 2
=logx
— T Ja. (3.12)

To estimate J;, we expand the integral, apply Cauchy-Schwarz once more, and use that h € L? and |Ia| <
(A +1)logT. This gives
T
= > /h[(t + A — ) loga]h((t + A — ') logz) dt
RER S VNI
(A +1)%1og®T

<
log x

(3.13)

To estimate Jo, we use [B.6) to extend the sum over zeros to the interval [0, T + 1], together with the bound
N(T +1) < TlogT and the fact that h € L'. This yields

T
B= Y / B(t — ) loga]h[(t — ') log 2] dt + O(T log? T)
o<y, v/ <T+171

=R, +0O(Tlog?T)
< Tlog*T, (3.14)
where we used part (a) of Lemma B32l Combining (311)), BI2), BI3), and BI4), we obtain

T

Ry = Z /h[(t + A — ) logz] h[(t —+)log x| dt + O((A +1)VT log? T).

0<y, Y/ <T Y

Similarly, the integral above may be extended to R up to the same error term. The rest of the proof is

analogous to part (a). O

3.3. A modified pair correlation approach. The next step is to introduce the weight function w(u),
from (L), to write Ry and Ry in LemmaB2.1lin terms of Montgomery’s function F'(«) and Chan’s function
Fa(a).

Lemma 3.3.1. LetT € {T,,}, where T, satisfies 34). Define k as in B.3]), and assume RH. For4 <z <T,
and 0 < A <T, we have

2 ~ Tlog®>T
@ R= s Y Ho - gdut - +0o( DT,
8F o<y, y<r 08t

0) Re= o 3 {Hlor =) ogaluty = 9) =Rl =~ A)logalu(y 7 = &)}
0<y,y'<T

Tlog?T
+O( e )
log” x

Proof. The proofs of the expressions in parts (a) and (b) are proved using similar methods, but the proof of

part (b) is more involved. For this reason, we only work out part (b). Recall that k is the function defined in

B3). We have that E(y) < min(1, y—12) From this estimate we introduce the weight function w(u), defined
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in ([7), into the sum over zeros

> k(v —+)loga]
0<y,y'<T
using the following argument. We consider the difference

Die 3 {F[(1=7 =) o] <E[(3-7 -8 (s -1/}

Using the facts that N(T') < T'logT, there are O(logt) zeros in any given interval [t, ¢+ 1], and that A < T,

we have

1 1
b= 2 Z4+(v—7’—ﬁ)2

2
logx \ Tir 3
1 Tlog®T
<—— 3 log(y +A) < =8 =
log” x e log” x
Therefore,
~ “ Tlog®>T
Z k[(*y—”y’—A)log:r] = Z k[(fy—”/—A)logx}w('y—”y’—A) +0 (172>
0<yy'<T 0<yy'<T 08 T

Similarly, we may introduce the weight w(u) into the the other terms in the representations of R; and Rs

in Lemma 32Tl to complete the proof. O
Using Lemma [333.1] and the properties of F(a) and Fa (), we take z = T and proceed to estimate R;.

Lemma 3.3.2 (Estimates of R;). Assume RH. Let T € {T,}, where T,, satisfies @4). Fiz 0 < <1, let g
be defined in 22), and define R; as in @8). For T >4, x =T?, and 0 < A = o(log® T'), we have

(a) Ry zg /FOES[) da—i—/ng(v)dv—l- 92(2)2 —logf p +o(T).
0

1
(b) Re =T /ng (v) [1 — w(A) cos(AvSlog T)] dv — log(B)
0

AlogT [eS)
1 [2F(a)—F, - F
U 2 o
ABlogT 1
where the error term on part (a) is of size O(T loigog’%T), and the error term on part (b) is of size

T A
O(vikr) +O(mdr)-
Proof of part (a). Recall the definition of the function F(«) and w(u) in (7). Then using the definition of

Fourier transform, we manipulate the sum over zeros in the representation formula for Ry in Lemma [B.3.1]

to yield
S F(r - ) logalw(y — ) = / Bu) S e osmy iy o) du
0<y,y'<T o 0<y,y'<T

TlogT T «
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Then, inputting (BI5) into part (a) of Lemma [331] gives

oo

Oq;fT[(w — ') log zJw(y — ') + O(%) = %/k(%)ﬂa) do+ 0(%). (3.16)

— 00

2

Ri =
log x
Recall from ([BH) that k(u) is piecewise defined with a transition at u = 1/(27). Thus, we use ([LIH) and

the fact that F(«) and k(u) are both even and nonnegative functions to rewrite the above integral over k
and F' as

o0 B
[ #(5z5) o =2 [ 1(525) [ors olt) £ T2 bog T(1 +-o(1))] o
—00 0
1 ﬂ 2 0 ﬂ 2
N 2/ <a> [0+ 0(1) + T2 log T(1 + o(1))] da + 2/ <5) F(a)da. (3.17)
B 1
For the second integral on the right-hand side in (BI7), because j is fixed, we know that
3 2
2/ (5) [a+0(1) + T **log T(1 + o(1))] daw = —23% log B + o(1). (3.18)

To compute the first integral on the right-hand side of ([BI7), we use the facts that k(ﬁ) = g2(%> for
0 < a< B, that 0 < p < 1is fixed, and that k£ is smooth near the origin and uniformly bounded. By
technical yet straightforward manipulations, we find that
B 1
2/14(%) [+ 0(1) + T2 log T(1 + o(1))] da = 252/1; g*(v) dv + g2(0) + o(1). (3.19)
0 0
Combining the estimates (BI8) and B19) yields

0o 1 00

/ k(%)F(O&) da = 23 /vg2(v) dv — 22 log B + g2(0) + 252 / % da + o(1). (3.20)
— 0o 0 1

Inputting (B20)) into the representation for Ry in (3I0) concludes the proof of part (a).

Proof of part (b). We consider the definition of the function Fa(«) in (LII). Then using the definition of
Fourier transform, we manipulate the sum over zeros in the representation formula for Ry in Lemma [B.3.1]

to yield

Z /%((7—7’—A)10gw)w(7—7’—A)

0<y,y'<T
= / k(u) Z T2 B =7" =8y (y — 4/ — A) du
o 0<y,v'<T

 TlogT | (L

- (2028 2

— 00

)FA(a) da. (3.21)
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Then, inputting (BI5) and [B21) into part (b) of Lemma B3l gives

}Q:Q—g2 Zk(%)F(a)da—Zk(%rﬁ)FA( a) da +0<10§T).

By splitting the second integral above using the symmetry relations for Fa in (LI0), we have

T [ /a T 7
- k da=—-—— [ k F, F_ da.
232 / (2wﬁ) a(a) dor = 2ﬁ2/ (277[3)[ a(@) + F-ale)]da
—o00 0
Next, we divide the integral over the intervals (0, 8), (8, 1), and (1, o0), and apply (LI7). Consequently,
since k(u) is even, k(0) = ¢g2(0), and T°*A + T2 = 2 cos(Aalog T, we obtain

A 2
2EQ/k( s ) IF(@) + Foafa))da = ~T20)

v g(v)? cos(AvBlog T) dv + o(T),

O\H

and
1 AlogT
T CoS U
—2—52/k(2 ﬂ)[ A(Q) + Fa(a)] da = =T w(A) du + o(T).
B ApBlogT
By combining the above integrals, we have that
T 00 1
«
Y /k(2 ﬁ) Ala)da=-T 2[32 /Ug cos(AvfBlogT) dv
—00 0
AlogT
1 [F F_
+w(A) / Y du +—/ al)+Foale) g Uy o). (322)
u 2 a?
ABlogT
From the proof of part (a) (see (B:20)), we know that
00 1 00
T a _ 9°(0) F(a)
2_62/k(2w6) a=T / ) dv —logf + % +/ > da| +o(T). (3.23)
—0o0 0 1
By adding (3:22) and [323)) together, our asymptotic formula for Ry reduces to
1
Ry =T /v92 (v) (1 — w(A)cos(AvBlogT)) dv — log B
0
AlogT %)
1 [2F(«a)—F, — I
) [ Pty [PHOZROZFal)y| o,
U 2 e
ApBlogT 1
which completes the proof. g

4. CONTRIBUTIONS FROM THE PRIMES

In this section, we estimate the expressions G; + H;. First, we obtain intermediate expressions for G; and

H,; separately.

4.1. Expressions for GG; and H;. We begin with a useful Lemma that helps estimate the second moment

of some trigonometric polynomials.
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Lemma 4.1.1. Let T > 0, and let {ay}n>1 and {hy}n>1 be sequences of real numbers such that

322 [(nl|an|? + |an|) < co. Denote o
a
C = n .
D lanl X 3o

n=1
n>2 m>2

2
oo T oo
_ 7.2 2 2
E an cos(tlogn) dt—Tal—i—E E an—i—O(C—i— E n|an|>

n=1 n>2 n=1
o 2
(b) ;an sin(tlogn) =5 7;2@ +O<C—|— Zn|an| )

2
Z ap, [cos((t + hy) logn)—cos(tlogn)]

n=1

dt = TZa [1—cos(h, logn)] <C+Zn|an|>

n>2

2
Z ay, [sin((t + hy) logn)—sin(tlogn)]

n=1

dt = TZCL [1—cos(hy, logn)] <O+Zn|an|2>

n>2

The implied constants are universal.

Proof. A classical result of Montgomery and Vaughan [21I] Corollary 3] states that, for complex numbers

/

a,n~ ", and note that Rez = > o7

{bn}n>1, we have

i i

n=1

=" [bal? (T + O(n)). (4.1)
n=1

For part (a), let z := Y >7 an cos(tlogn). Consider the identity

n=1 n=1
2
R
By (1)), we have
T
/ﬁdtzlzaQ(TJrO(n)) (4.3)
5 5 . . .
0 n>1
We write z = a1 + Y-, a, n~ " and use that, for n > 2, we have [n~"dt = in~"/logn. This yields
/Z_ ~ G iofa Y ) 4o Py putal
2 2 ! logn log mn)
0 n>2
—h i o(c+S nlanp 4.4
=5 + + ;n|an| . (4.4)

Here, we used the Cauchy-Schwarz inequality to obtain

o0
a1 Z log 1 > nlanl? <D nlanf?.
n>2 n>2 nlog®n n>2 n—1

Combining ([2]),[@3]), and ([@4]), we obtain part (a). Part (b) is analogous, using the identity

|Z|2 — Re (2?)
2

(Imz)? =
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in place of (£2). Note that, since sin0 = 0, part (a) has an extra contribution from the term a; that is not

present in part (b). For parts (c) and (d), we use the identities
cos((t + hy,)logn) — cos(tlogn) = Re [n =" (n =" —1)],

sin((t 4 hn)logn) — sin(tlogn) = —Im [n~ % (n """ — 1)),

and
[n="hn — 1|2 = 2(1 — cos(hy, logn)).
Then, we apply the same argument above with z = > 77 a,(n~"» — 1)n~%, using Montgomery and
Vaughan’s result (@) with b, = a,(n~"» —1). a

Using the previous lemma, we obtain the following expressions for G;.

Lemma 4.1.2 (G;). Let A >0 and 4 <z <T. Let G1 and G2 be defined in [2.8). Then,

T A%(n) ., (logn x
(2) G1 = 2 Z nlog2nf (1og:1:> +O<logm) '

n<z

logn
TZ nlog - (logx> [1 —cos(Alogn)] +O(log:z:) )

Next, with the goal of studying H; and Ha, we use some estimates of Goldston, together with some trigono-

metric identities, to obtain expressions for the real and imaginary parts of integrals involving log ¢(1/2 + it)
times trigonometric functions. Some of these results appear previously in [I5] (part (b)) and implicitly in

[12] (part (d)). We collect them all in the following lemma, for the reader’s convenience.

Lemma 4.1.3. Assume RH. Let T > 1, let h € R, and let n > 2 be an integer. Denote

1/21 T
E=E&(n, T):=n"?loglog3n + noo8”
logn
Then, the following estimates hold:
i T A(n)
n
(a )/10g|<( +it)| cos(tlogn)dt = 3 i logn +O(&);
r T A(n)
n
/TFS sm tlogn) dt Eanlogn + O(g),

1

A(n)[1 — cos(hlogn)]
nl/2logn

(c) 1og I¢(3 + it)| [cos((t + h) logn) + cos((t — h) logn) — 2cos(tlogn)] dt = —T

,_.\

+0(&);
T
/ﬂ'S [sin((t + h)logn) + sin((t — h)logn) — 2sin(tlogn)]dt =T
1

A(n)[1 — cos(hlogn)]
ni/2logn

+O(8).

Proof. Assuming RH, Goldston [I5, p. 169], improving upon a contour argument of Titchmarsh [28], showed
that
T A(n)

————_ + O(n'?loglog 3n) + O
nl/2logn

(4.5)

n'/2log T
logn

T
/log (3 +it)yn"dt =
0
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and
T
/ log (3 +it)n~ " dt < logT. (4.6)
0
Adding (£3) and ([@6]) and taking real parts yields part (a). Part (b) is [I5, Equation (6.3)]. Parts (¢) and
(d) follow from parts (a) and (b) after applying the trigonometric identities
cos((t + h)logn) + cos((t — h)logn) — 2 cos(tlogn) = —2 cos(tlogn)[1 — cos(hlogn)],

and
sin((t + h)logn) + sin((t — h)logn) — 2sin(tlogn) = —2sin(tlogn)[1 — cos(hlogn)].
This completes the proof of the lemma. O

We now obtain expressions for H; from the above lemma. As mentioned in the introduction, in the next
lemma we use Theorem [[2.1] to control some of the error terms in part (b), which is the part of the lemma
that is relevant to Theorem [[.3.2]

Lemma 4.1.4 (H;). Assume RH. Let 0 < A < T, with0 <b< 1, and 4 < x <T. Let Hy and Hy be
defined as in [28]). Then,

TZ (10gn) +O<x10g10g2xlogT>
nlog n” \logz log” z

n<x
1ogn zloglogxlogT T

nlog n

Proof. Part (a) follows from part (a) of Lemma [£13 and the definition of H;y. For part (b), we rearrange
the terms and use a change of variables to find that
T
Hy = /log G+ it)| [A(t+ A) + A(t — A) — 24(1)] dt

1
1+A

+0 /Wmma Lit)]] () — At — A)] dt

1
T+A

+0( [ oglet + 0l 14(0) - At - 2] at

By Theorem [[21] with 0 < A < T?, we have
T+A
/ log? |C( +at)| dt = o(T). (4.7
T
Note that we used Lemma B3| to show that the contribution from the constant a in Theorem [2T1is o(T)
over the interval [T, T + A]. By Montgomery and Vaughan’s result in ([@1]), we also have

T+A

/|A(t) At — dt<<z

A—|—n) < Aloglogx + .
nlog®n 1 ogx

(4.8)

28



We use the Cauchy-Schwarz inequality, [{.1), and ([8]) to obtain

T+A

Tx T
1 B A) — A(t — A)| dt AT logl —
[ Nolcd it 14() ~ At = &) d < AT logloga + ot < <
T

since we have 4 < 2 < T and 0 < A < T°. The first error term may be treated similarly. This yields
T

Hy = /10g|<< +it)| [A(t + A) + A(t = A) - 24(1) d”O(w%) |

The conclusion now follows from part (c) of Lemma and the definition of A(t) in ([27)). O

4.2. Estimating G;+ H;. Starting from the previous results, we proceed to estimate G; + H; asymptotically,
taking advantage of some cancellations between their sums via the function g (introduced in ([2:2])). In this
section, we diverge from the strategies of previous work of Fujii to obtain more precise input from the primes,
which is necessary for Theorem

Lemma 4.2.1 (Asymptotic estimate of H; + G;). Assume RH. Let T > 4, and let 0 < A = o(log? T). Fix
0 < B <1, and choose x = T?. Define the function c(v) as in (LI4). Then, as T — oo, we have

T TloglogT'\
(a) H1+G1—2 loglogT—i—vo—i—Zz ( )—i—logﬁ /ag 2da —|—O( loe T ),
m=2p>2 P
ABlogT 1
1—cosu 9
(b) Ho+ Gy =T Tdu—l— c(A) = [ a[l —cos(ABlogTa)lg”(a) da p + o(T),
0 0

where the error term o(T) in part (b) is actually

T TA
Ol —= | + 0| —= | -
(x/logT> <10g2T>
Proof. We split the proof into the following subsections.

4.2.1. Proof of part (a). We add the results of LemmaLT.2 and Lemma[L.T4 and use that, by Lemma [ZTT]
u?g(u)? = (1 — f(u))? This yields

T A2%(n) T A%(n) 5 (logn TloglogT
G1+Hl_§;nlog2n_210g2w; n 9(10g$)+0( logT > (4.9

For the first term, we separate the primes from the prime powers and use Merten’s Theorem, which states

Z = loglogx + vo — szp (10;90)'

;D<$ m=2p>2
1
. 4.1
(52 .10

For the second term, unconditionally, note that the prime number theorem with error term implies that

Ply) =Y AQT(L’“ - 1°g22y +O(1).
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Therefore, we see that

ZA() loglogar—l—”yo—l-zz <——i>+

n<wn10g n m= 2p>2

n<y



Then, using summation by parts and integration by parts, we obtain

2(n ogn /

n<xz 0

By inserting (@I0) and ([@IT) into ([@3), we obtain part (a).

4.2.2. Proof of part (b): Summing by parts. Similarly, we have

Go+ Hy =T Z () [1 — cos(Alogn)]
e nlog n
T A%(n) ,(logn Tloglog T
- 10g2$ ; n ) (1ng> [1 - COS(Alogn)] +O(W) . (412)

Using summation by parts, integration by parts, and the prime number theorem with error term, we obtain

Z @g <1ogn) [1 —cos(Alogn)] = Z Aln) 1ogn92 (logn> [1 —cos(Alogn)] + O(1)

log x n log x

n<x n<x

=log’ = / a[l —cos(ABlogTa)] g?(a)da+O(A +1).  (4.13)
0

To estimate the first term on the right-hand side of (£12), consider the quantity

=Y A’(n) =ylogy —y+ E(y),

n<y

so that dM (y) = logy dy + dE(y) and E(y) = ON( ) is defined in (LI3). For this, we let 1 < £ < 2 be
a parameter. We anticipate that we will eventually take £ — 17. Then, the sum in the first term of (@12 is

log

zt
2 —
Z An) [1 — cos(Alogn)] :/Md]\/[(w
g 2

n<e 10871 ) ylog”y

I+ I+
:/Md +/Md]ﬂy>_
ylogy ylog®y

We use the change of variables u = Alogy in the first integral. For the second integral, we integrate by
parts and use that E(¢) = ¢ — £log{ to find that

Ty

n<z

Alogx

1—COS(A10gn)] T / ﬂdu+(1_COS(Alogf)) (10g£2_1>
R U log” ¢
og

nlog n

E(y)
y2log’y

+ 0(7(1;;}1)9 . (4.14)

+ [~Alogysin(Alogy) + (1 — cos(Alogy))(logy + 2)]dy}

~
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Here, we used that E(y) <y ILN (for any N > 0) to extend the last integral to infinity, up to an error
og Yy

term. Now, we let £ — 11. Note that

_ 2
lim (1 — cos(Alog?)) (10g€71> = _A_,

Additionally, since E(y) =y — ylogy for all 1 <y < 2, the second integrand above satisfies, in this range,
Ey ) A2
ﬁ[—AIogysm(A logy) + (1 — cos(Alogy))(logy + 2)] = = + O(Az(y B 1))

This shows that the second integral is absolutely convergent on (1, 00). Therefore, recalling that 2 = 7% and
A < log? T, we may let £ — 11 in {@I4) to find that

ABlogT
Ty

[1—cos(Alogn)] =T / “%duﬂ(m +o< r > (4.15)
n<zx

logT
where ¢(v) is defined in (II4). By combining (£12), (I3), and (II0), we complete the proof of Lemma
A2 We remark that the restriction A = o(log® T') comes from the sum over primes in equation EI3). O

nlog n

5. PROOFS OF MAIN THEOREMS

We now explain how Theorems [[.2.1] [[L37] T332 and follow from the combination of our previous

lemmas.

5.1. Proof of Theorem [M.2.7] For all T € {T,}, the proof of Theorem [[.21] follows from inputting part
(a) of Lemmas B3:2 and 2Tl into the representation formula for log [¢(% + it)|, which we proved in part (a)
of Lemma [Z2Z2] Some of the integrals in these results are over the interval [1,7T], but these can easily be

extended to [0, T since
1

/log (5 +it)|dt < 1.

0
In particular, Theorem [[L2Z1] holds for all T' € {T,} such that 7" > 4. We now extend this result to hold for

all T > 4.
Assume T,, < T < T, 1. Since the integrand in Theorem [[LZ1]is positive, we know that

T, T Trt1
/log 1<(3 +zt)‘dt</log |C(5 +it)| dt < /log |C(5 +it)| dt
0 0 0

Moreover, because both T;, and T, are at most 1 away from 7" and Theorem [L2.1] holds for 7}, and T}, 1,
by part (a) of Lemma B.1.3]it follows that
T
/1og2 ¢ (5 +idt)] dt = %loglogT—i- aT + o(T),
0

which completes the proof of Theorem [[L2.1] for all T > 4.
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5.2. Proof of Theorems and For the proof of Theorem [[L3:2] when we input part (b) of
Lemmas B.3:2] and 2] into part (b) of Lemma [2Z22] we get
T

/[1og\§( it +iA)| —log [¢(L +it)]]” dt
1

AplogT AlogT
1—
=T / 27O g — w(A) / Cosudu—logﬂ
u
0 ABlogT

1
+ /’U g% (v) cos(AvBlog T) (1 — w(A)) dv
0

+e(A) + %/2F(O‘)_Fﬁéf)_F‘A(°‘) da $ + o(T). (5.1)

Because our results hold independently of our choice of 3, there should be no 8 dependence in our final

result. First, note that, by analyzing separately the cases A < 1 and A > 1 and using the definition of
w(u), we have

L-wd)] 1
AlogT logT’
uniformly for A > 0. We use this fact and combine the first three terms on the right-hand side of (&1)) to
yield

ABlogT AlogT
1—
ST g — w(A) / COS“du —log 8
U
0 ABlogT
AlogT AlogT
1—
_ / Cosudu—(w(A)—l) / cosudu
u U
0 ApBlogT

1
:/1—cos(Aa10gT)da+O< 1 ),
@ logT
0

where we used integration by parts in the last line. Next we consider the integral involving g*(v) on the
right-hand side of ([&.I]). Using integration by parts, we similarly see that

1
/v g% (v) cos(AvBlog T) (1 — w(A)) dv < o T
0

Combining these simplified expressions together gives
T

/[log‘(( +zt+zA)|—log|C( +zt)H dt

1

7 /ll—cos AalogT) da+172F(Q)—FA(0‘)—FA(a) da $ + Te(A) + o(T).
0

o?
1
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We then extend the range of integration to [0, T'] since, by Theorem [[2.Tland the Cauchy-Schwarz inequality,

we have

[log [¢(§ + it +iA)| —log|¢ (% —i—zt)H2dt < (14 A)loglog(3 + A).

O\H

This completes the proof of Theorem [[L32 for T' € {T},}. Since the integrand is non-negative, this result can
be extended to all T' > 4 using the same argument as in the proof of Theorem [[21] along with part (b) of
Lemma B.I3 Finally, to prove Theorem [[3.3] recall that (I3]) implies that

TZ A(m) [1 —cos(Alogn)] =T /Mdu—l—c(A) —|—O( T ),

nSTnlog n ) log T

where ¢(v) is defined in (II4)). Therefore, Theorem [[L33]is equivalent to Theorem [[332

5.3. Proof of Theorem [I.3.91 To prove Theorem [[L3.1] we need to express the sum over primes in terms

of the logarithmic derivative of ((s) near s = 1.

Lemma 5.3.1. Assume RH. Let x > 2 and u € iR with 0 < |u| < \/z. Then,
¢’ Aln) o~ log?
-1 E —+4+0
¢ (1+u) = e N

where the implied constant is universal.

Proof. This can be established using classical arguments in a similar manner to the proof of the prime

number theorem (assuming RH), e.g. [22, Chapter 13]. O
Clearly,
A2 ~ A !
Z ] (2) (1 —cos(Alogn)) = C(A) + Z 1( n) (1 —cos(Alogn)) + O (T) , (5.2)
n<r M08 T ner V108

where C(v) is defined in (LIZ). Also, note that

iA
1—
cos(Alogn) _ _l/ (n“ —n‘“) du.
logn 2
0

Therefore, Lemma [5.3.7] yields

iA
Z An) (1 —cos(Alogn)) = / Z A(il) - Z 21(_?3 du

nlogn nl-u
n<T 0 n<T n<T

[(Gomn-Soin- T o (). oo
0

Theorem [L3T] now follows from Theorem [[33] (52)), (53], and a change of variables.

6. TRANSITION BETWEEN RANGES

In this section, we prove Corollary[[.4.3]in both ranges. We begin by showing how Theorem [[.3.2 reduces
to Fujii’s theorem in (LI0) when A = o(1).
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Proposition 6.0.1. Assume RH. Let T > 4 and A = O(1). Then

1/ 2F (o) — Fa(a) — F_a(@) do = / F(a)[1 = cos(AalogT)] da+0(A),
2 a? a?
1 1
as T — oo.
Proof. Recall the identity [B.1):
o 2
2
2F(a) — Fa(a) — F_a(a) = T?;Tg = / e M1 — cos(Aalog T + 2rAu)] | Y T™7e*™™7| du,

0<y<T

By the mean-value theorem, cos(AalogT + 2rAu) = cos(AalogT) + O(A|ul). We also have the identity
2

472 T . )
r _ —47|ul TV 27Uy | g,
() = FioaT / c MET c b

— 00

Therefore, we obtain

2F (o) — Fa(a) = F_a(a) =F(a) [1 — cos(Aalog T)]

00 2

+0| A / e 4mlul)y) Z TV 2™ | dy,
"o 0<y<T

The rest of the proof consists of controlling this last error term. This requires a technical but straightforward

modification of Montgomery’s arguments and definitions in [20], which we define and prove in the appendix.

In particular, we define F,,(a) in (61, which is a modification of F(a) by using a slightly different weight.

Using the estimate |u| < e*™1%/ for ¢ > 0 and the identity ©2) for F,, (), we find that
2F (o) — Fa(a) — F-a(a) = F(a) [1 = cos(AalogT)] + O(Aﬁgo (a)) ,

Now, Proposition [6.0.3] implies that

where 0 = 1 — & (we may take any 0 < & < 3).

Ooﬁa’

/ "ga) da < 1.
1

«

Hence the desired result now follows. O

Proof of Corollary[17.3} Note that, by Proposition [6.0.1] since Theorem [[Z32 reduces to Fujii’s theorem in
(CI0) when A = o(1), part (a) follows from Fujii’s remarks [I2, Section 3]. For part (b), let A > 1. We

want to show that

T
AQ
2 / [SE+A)=SOPdt=T | (’? (1 —cos(Alogn)) + 1| + o(T).
=pnlog™n
0 <
To prove part (b) of Conjecture [LZT] by Theorem [[L33] it is enough to show that

1 T 2F(a)— Fa(a) — F_ala
5/ (@) Ao(ﬁ) ala)

da =1+ o(1).
1



By Conjecture [L42], we have

%/ 2F (av) _FACE;) /1—cos AalogT) (A) da + o(1).

Now note that

[
1
Then, integrating by parts, we find that

T cos(AalogT)w(A) . 1
/ a? da=0 AlogT

1
‘O<logT>’

as we wanted. This completes the proof. 0

1

APPENDIX: VARIATIONS OF MONTGOMERY’S WEIGHT

Assume RH. Let % <og < %, and define

408 ~ 2
% and  F,(a) =
10 +uz o) = T T

oy (u) = S T g, (y ). (6.1)

0<y,y'<T

Note that we recover Montgomery’s function F(«) by taking op = 1. Since

g (y) = 2moge o0l
we have the identity
o 2
~ 4120, ,
F, (a) = / e~ 4moolyl T2 | dy. (6.2)
° TlogT_ OQZ(F

In particular, Fiy, (o) > 0, and F, is even. Following Montgomery [20] (see also [I6]), we have the following

asymptotic formula for F, (a).

Proposition 6.0.2. Let § < 0o < 3, and define F,, (o) as in @1). We have
Fyy(@) = 0T 72170 10g T(1 + 0(1)) + |a| + o(1),

uniformly for 0 < |a] <1, as T — .

Proof. In Montgomery’s explicit formula, we take o = % + 0¢ to obtain, for any % <09 < % and z > 1,

el o A(n)noo—1/2 o A(n)
200; o2+ (t— )2 -z Z it - Z nl/2+ootit

n<x n>x

+$_Uo+it(lOgT+O(1))+O(.’L‘1/2T_l),

where 7 = |t| 4+ 2, and the implied constants depend only on oy (which we henceforth assume to be fixed).
We write the above as L(x, t) = R(x, T). Note that

oo

/ ! SR S S SN
B e Bl e (e ) I e vy D
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Then, taking the absolute value, squaring, and integrating, following Montgomery’s argument, we obtain

T
2 : / 1 ~
/ Lz, T)2dt =" 3" 2" w,,(y ') + O(log? T) = —Fy,(a) Tlog T + Olog® T). ~ (6.3)
oo g0
0 0<y,y'<T

T
Now, let us analyze [ |R(z, T')|?. For the Dirichlet series, using [2I, Corollary 3], we obtain
0

2

T

—0o0 A(n)n0071/2 oo A(TL) —200 A2 (TL)
/ -z Z nit -7 Z nl/2too+it dt =z Z M(T +0(n))
0

n<zx n>x n<zx
- A*(n)
+a?70 ~ra0, (T +0(n)). (6.4)
n>x
Note that
[ 200200 logz — 1) + 1 T ~200 (90 ] 1
/yzm’fllogydy: =7 (200 0g23: )1 and /y”’zf’f’mgydy: 7 (2o 20g$+ ).
40-0 40‘0
1 x

Then, by the prime number theorem with error term, (G4]) equals

Tlogx

+O(T) + O(xzlog x).

oo
We note that on the left-hand side of (64 we may use an estimate of Goldston and Montgomery [16, Lemma
7] instead of [2I Corollary 3] to replace the error term O(zlogz) with O(T+/log ). Continuing with our
proof, we have

Tlog* T 4+ O(TlogT)

xQUQ

T
/ lz=0t (log 7 + O(l))|2 dt =
0

If we choose x = T for 0 < a < 1 — ¢, then following Montgomery’s argument the above estimates imply
that
R(T®, T) = TlogT (T—Qwo log T (1 + o(1)) + = + 0(1)> .
o0

We combine this with (€3] to obtain the desired result for |a] < 1 —e. As remarked above, by the argument
of Goldston and Montgomery [16], Lemma 7], this can be extended uniformly to |o| < 1. O

We also note that the following estimate holds.

Proposition 6.0.3. Let % <oy < %, B> 1, and define f‘oo (o) as in [GI). Then,
B
/ F, (o) da < B.
1
Proof. Using an argument of Goldston [I5] Lemma A], this follows from Proposition [6.0.2] and the fact that
Fyy(a) > 0. O
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