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1. Introduction

The structure of the pseudospectrum of non-self-adjoint operators can be very non-
trivial and in general unrelated to the location of the spectrum. This fact is well-known
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to be responsible for typical non-self-adjoint effects such as spectral instabilities or long-
time semigroup bounds unrelated to the spectrum, see e.g. [32,14,15,21] for details.

For Schrodinger operators H = —A+V with complex potentials V', the pseudospectral
analysis was initiated in the seminal paper of E. B. Davies, cf. [13], where lower estimates
for the resolvent norm inside the numerical range of H, Num(H), were obtained by a
semi-classical pseudomode construction. The latter was subsequently generalised: in the
semi-classical case in particular in [35,16] and in the non-semi-classical one in [26,3,25,18].

The upper estimates of the resolvent norm at the boundary of Num(H) were first
obtained by L. Boulton in [10] for the quadratic potential. This work was followed up
with several semi-classical generalisations in particular in [28,16,9,31,6,7] and also in [17]
based on semigroup compactness or known behaviour of spectral projections.

In this paper, we study the behaviour of the resolvent norm at the boundary of
Num(H) for non-semi-classical one-dimensional Schrodinger operators acting in L*(R )
or in L2(R) for a wide class of unbounded complex potentials V ranging from iterated
log functions to super-exponential ones (which are not accessible by previously used
methods).

Our assumptions on V are compatible with those in [26] where lower resolvent norm
estimates inside Num(H) were obtained. More precisely, restricting ourselves in this
section to purely imaginary V', we assume that Im V' is eventually increasing, unbounded
at infinity and that the conditions (reflecting the growth of Im V)

ImV'(z) = O(ImV(x)z"), ImV"(z)=O0ImV'(z)z"), x — 400, (1.1)

with some v > —1, are satisfied, see Assumption 3.1 for details. Moreover, the condition

v

Y(z) : =o(1), x — 400, (1.2)

T ImVi(2)

is related to the separation property of the domain of H, see Section 3.1.1, and the
quantity T naturally enters the remainders in the derived asymptotic formulas (simi-
larly to what happens e.g. for diverging eigenvalues in domain truncations in [29] or for
asymptotics of eigenfunctions in [27]).

It was established in [26] that ||(H —\)~!|| diverges as the spectral parameter A\ = a+ib
goes to infinity along a set of admissible curves determined by the potential. In particular,
for operators in L?(R ) the restriction on admissible curves is given by (with a,b € R)

2 2
bixg” Sa S bPaytvie? (1.3)

where 2, > 0 is the turning point of Im V', determined by Im V(x;) = b, v is as defined
in (1.1) and € > 0 is arbitrarily small. Except for the case of monomial potentials, where
scaling can be used to rewrite H in semi-classical form, it was left as an open question
whether the restrictions (1.3) are optimal. Our main results allow us in particular to
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answer this question in the affirmative (with additional assumptions on V for the second
restriction in (1.3), see Subsection 5.2).

Our first result (Theorem 3.2), specialised for purely imaginary potentials here, pro-
vides a two-sided estimate for the norm of the resolvent along the imaginary axis for
operators on the half-line and it includes an exact leading order term and an explicit
remainder estimate. Namely,

J(H —ib)~ ) = A (Im V' (@) 5 (1 4+ O (T(ws))), b +o0,  (14)
where A = —92+ix is the complex Airy operator in L?(R) (see Section 2.3). In Section 5,
we further explain how these results extend to operators in L?(R) as well as to multi-
dimensional operators with radial potentials (see Sections 5.3 and 5.5). Moreover, in
Section 5.6 we indicate how our strategy can be used in a semi-classical case where
the problem substantially simplifies as only local properties of V' are needed (similarly
to the pseudomode construction in [26]). In Section 5.1, we extend Theorem 3.2 (with
ReV = 0) to describe the behaviour of the norm of the resolvent along general curves
Ay = a(b) + ib inside the numerical range

1 = 20) = (A = )~ (I V(@))% (14 0(1)), b — +o0,

with z, = a(Im V'(2)) 3. Precise resolvent estimates for semi-classical operators were
found in [9]; in the special cases of the Davies operator and the imaginary cubic oscillator
our construction allows us to recover those same curves (see the discussion for power-like
potentials in Section 7.1).

An analogous result is derived for operators in L?(R) when A = a € R, (Theorem 4.2)
for a smaller class of regularly varying potentials of index 8 > 0 (see Section 2.4 and
Assumption 4.1)

I =)~ = 45 1 m V(t) ™ (140 (slta) + (a3t) 7)) . a = +o,

where Ag is a generalised Airy operator (see Appendix A), ¢, is related to the parameter
a via equation

t, ImV(t,) = 2v/a

and ¢ and lg . are determined by V via (4.7) and (4.9). The additional smoothness and
growth restrictions on V for this result stem from employing pseudo-differential operator
techniques. The regular variation assumption arises naturally due to scaling (similarly
to the analysis of the eigenfunctions’ concentration in [27]).

The result (1.4) in particular relates the behaviour of V' at infinity to the decay/growth
of the resolvent along the imaginary axis, with the linear potential (i.e. the Airy operator)
being the transition between the two cases. For sub-linear potentials, the resolvent norm
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diverges on the imaginary axis and the rate of divergence becomes very fast for slowly
growing (e.g. iterated log) potentials (see Section 7 with several examples). The interest
in such operators has been highlighted in recent research on one-parameter semigroups,
e.g. [5, Thm. 1.5] relates the decay of solutions of the Cauchy problem to the growth of
the resolvent norm along the imaginary axis. More precisely, if A is the generator of the
bounded Cy-semigroup (7'(t))¢>0 and o(A) NiR = (), then for fixed & > 0 we have

I(A=is)™ | = O(s|*), |s| = 00 <= [TMHAT!| = O™ =), t— oo,

Inspired by the open problem presented by C. Batty [4], we note that Theorem 3.2 enables
us to characterise the class of rates (e.g. |s|*) for which we can construct potentials V'
such that the resolvent norm of the corresponding Schrédinger operator equals that given
rate (see Section 6 for details).

The proof of Theorem 3.2, originally inspired by [21, Prop. 14.13], revolves around
a separate analysis of ||(H — ib)u|| depending on whether or not supp« is contained in
a neighbourhood of the turning point x; designed so that Im V' is approximately con-
stant inside. More specifically, the proof consists of the following steps (several technical
extensions are additionally needed for the case of potentials with non-zero real part).

(1) In Proposition 3.3, with Q) representing a neighbourhood of z; chosen so that
ImV (z) =~ ImV(xp) for z € Q) (see (3.10)), we use direct quadratic form estimates
to find that

(ImV'(zp))3  Im V()

T (xp) o xy

H — b
< inf{% : 0#u € Dom(H), suppunQ = V)},
U
asymptotically as b — +oo, with T as in (1.2).
(2) In Proposition 3.4, in a neighbourhood €, of x; (see (3.14)), appropriately shifted
and scaled, we Taylor-approximate H —ib with the complex Airy operator A to yield

JAI7H (I VY () (1= O (T(a))

< inf{w : 0# u € Dom(H), suppu C Qb} ,
as b — +00. The norm resolvent convergence of (a localised realisation of) H — ib to
the complex Airy operator A follows from the second resolvent identity and it makes
use of certain graph-norm estimates introduced in Subsection 2.3.

(3) In Proposition 3.5, we show that our estimate for the norm of the resolvent of H
cannot be improved by finding functions u, € Dom(H) such that as b — +o0

ICH = ibyusl| = A7 (M V' () * (14 O(Y () [y
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The proof relies on exploiting the localisation technique used in step (2) and the fact
that the operators involved have compact resolvent. Thus the norms of those resol-
vents can be obtained from the appropriate singular values and the corresponding
eigenfunctions are used to find the u; family.

(4) We combine the results from the previous steps with the aid of certain commutator
estimates and a suitably constructed partition of unity.

The proof of Theorem 4.2, which describes the asymptotic behaviour of the resolvent
norm along the real axis, follows the template outlined above but on the Fourier side and
with substantial modifications at several stages. In particular, the commutator estimates
in Step 4 are obtained using pseudo-differential operator techniques (see Lemma 4.4)
resulting in additional smoothness and regularity assumptions.

The remainder of our paper is structured as follows. Section 2 introduces our notation
and recalls some fundamental facts for the various tools used throughout (Fourier trans-
form, pseudo-differential operators, Schrodinger operators with complex potentials, Airy
operators and functions of regular variation). In Section 3 we formulate and prove Theo-
rem 3.2 for the resolvent norm in RanV'. Section 4 is devoted to the proof of Theorem 4.2
for the resolvent norm in the real line. Section 5 includes further extensions of the main
theorems, in particular the resolvent estimates on more general curves in the numerical
range. In Section 6 we deal with the inverse problem mentioned above and Section 7 il-
lustrates our results on some concrete potentials. Finally, in Appendix A we show the key
properties of the first order generalised Airy operators used in the proof of Theorem 4.2.

2. Notation and preliminaries

We write N := N U {0}, Ry := (0,400), R_ := (—00,0), CL :={A € C:Re X > 0}
and C_ := {\ € C : Re A < 0}. The characteristic function of a set F is denoted by x g,
the L%-norm by |||, the other L? norms by |||, the space of smooth functions of compact
support by C°(R) and the Schwartz space of smooth rapidly decreasing functions by
Z(R). The commutator of two operators A, B is denoted by [A4, B] :== AB — BA. For
a multi-index o = (g, 9,...,a,) € N, we write |a| = a1 + a2+ ...+ a,. f Bisa
bounded operator on a Banach space X, we will denote by rad(B) its spectral radius,
i.e. rad(B) :=sup{|z| : z € 0(B)}.

To avoid introducing multiple constants whose exact value is inessential for our pur-
poses, we write a < b to indicate that, given a,b > 0, there exists a constant C > 0,
independent of any relevant variable or parameter, such that a < Cb. The relation a 2 b
is defined analogously whereas a ~ b means that a < b and a = b.

2.1. Fourier transform and pseudo-differential operators

For u € .(R), the Fourier and inverse Fourier transforms read (with x,& € R)
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Fu() := /e_igxu(a:)ax, Fu(x) ::/ @&y (6)dg, doi= —;
R R

1

we also use 4 := Fwuand @ := % 'u, and retain the same notations to refer to the

corresponding isometric extensions to L?(R).

When introducing pseudo-differential operators in Section 4, we follow [1, Part IJ.
Given m € R, the symbol class S{,(R x R) is the vector space of smooth functions
p:R xR — C such that for any «, ﬁ € Ny there exists Cy, g > 0 satisfying

|0805p(¢, )] < Cap (@)™ 7, (&x) ER xR
This space is endowed with a natural family of semi-norms defined by

pI\™ = max sup ()" 929 p(¢,x)|, k€ No.
a,B8<k &,zeR

Furthermore, for m,7 € R, the space of amplitudes A7 (R x R) consists of the smooth
functions @ : R x R — C such that for any «, 8 € Ny there exists C g > 0 satisfying

050 a(n,y)| < Cap (M) W)™, (n,y) €R xR.
This space is endowed with the family of semi-norms

a|am  '’= max su TT{y)™m 8”‘36 , keNp.
|al.am awgkwepROﬁ (v~ (n,9)] 0

2.2. Schrddinger operators with complex potentials

Let ) # Q C R? be open. For a measurable function m : @ — C, we denote the
maximal domain of the multiplication operator determined by the function m as

Dom(m) = {u € L*(Q) : mu € L*(Q)};
the Dirichlet Laplacian in L?(Q2) is denoted by —Ap and
Dom(Ap) = {u € Wy *(Q) : Aue L*(Q)}.

Suppose that the complex potential V : Q@ — C, V =V, + V}, satisfies ReV > 0
a.e. inQ, V,eC! (ﬁ), Vi, € L>®(Q) and, with eq5 = 2 — V2,

Jey € [0,erit), IMy >0, |VVi|<ew|Vul2+ My ae. in Q. (2.1)

Under these assumptions on V one can find the (Dirichlet) m-accretive realisation
H = —Ap + V by appealing to a generalised Lax-Milgram theorem [2, Thm. 2.2]. It
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is also known that the domain and the graph norm of H separate, i.e. Dom(H) =
Dom(Ap) N Dom(V') and

1 wl® + [lul* 2 [Apull® + [Vul® + [lul?, v € Dom(H).
Furthermore,
C := {u € Dom(H) : suppu is bounded}

is a core of H. For details see [2,24,29] and [11,23], [19, Chap. VI.2] for cases with a
minimal regularity of V.

2.8. Airy operators

An important class of objects in our analysis are complex Airy operators; details on
the claims summarised here can be found in [21, Ch. 14] and in Section A of this paper
for the more general case.

The rotated Airy operator in L?(R) with r > 0 and 6 € (—,7) is denoted by

Apg=—02+re"z, Dom(A, ) = W>?(R) N Dom(z). (2.2)

It is well-known that A, has compact resolvent, its spectrum is empty, its adjoint
satisfies A:ﬁ)e = A, ¢ and

[Arpull + lull® 2 lu”1* + llzull® + [[u]®,  u € Dom(Ayp). (2.3)

Moreover, since |[u/]|? < [Ju”|[||lul < (1/2)(|[u”]]? + ||u|?), we also have
[Arpull + ul* 2 u'|*, u € Dom(A,p). (2.4)

In Section 4, we use operators in L?(R) of type (with 3 > 0)
Apg = —0, + |z|?, Dom(Az) = WH2(R) N Dom(|z|?), (2.5)
which we refer to as generalised Airy operators (on the Fourier side). Notice that A
is unitarily equivalent to Aiﬂ /2 i.e. to the complex Airy operator with potential —iz.
Many properties of the usual complex Airy operators are preserved for Ag. Namely, Ag
has compact resolvent, empty spectrum,

A% =0, + |z|°, Dom(A}) = W"?(R) N Dom(|z|”)

and
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2
1Ag ull® + lul® 2 lw/I* + ([l ul|” + [lu]®, u € Dom(Ag),
* 2
1AG wll® + lull 2 ' I? + ||l2) w]]” + [Jull?,  u € Dom(Ap).
See Appendix A for details.

2.4. Regular variation

A continuous function V : Ry — R satisfying

. V(tz) 4
I eR, Vx>0, tlgzloo 70 =z,

is called regularly varying (at infinity) and S is called the index of regular variation. We
can rewrite V as

V(z) =2°L(z), >0, (2.7)
where L is a slowly varying function, 7.e.

L) _
tlig-noo L) =1, z>0. (2.8)

It is known (see [30, Sec. 1.5]) that, if L is slowly varying, then
Vy>0, 277 <L(z)<z?, z—+oo, (2.9)

and that the convergence in (2.8) is locally uniform in R, (see [30, Thm. 1.1]). Moreover,
a representation theorem (see [30, Thm. 1.2]) states that

x

L(z) = a(x) exp /#dy , x>1, (2.10)

where a is positive and measurable, ¢ is continuous and

xgrfoo a(z) =c € (0,00), $EIEOO e(x) =0. (2.11)
In this paper, we shall be chiefly concerned with functions with index g > 0.
3. The norm of the resolvent in the range of V'

3.1. Assumptions and statement of the result

We begin by describing the class of potentials encompassed by our estimate for the
norm of the resolvent.
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Assumption 3.1. Suppose that V € Li (Ry) N C%*((20,00)) for some zo > 0. With

loc

Vi := ReV and V5 := ImV, assume further that V3 > 0 a.e. in R, and that the
following conditions are satisfied:

(i) V4 is unbounded and eventually increasing:

lim Va(x) = +o0, Vy(z) >0, x> zo; (3.1)

T—+00

(ii) V has controlled derivatives: there exists v € [—1, 400) such that
Va(x) S Va(e) ¥, V(@) SV5(2) 2", o> xo;
(iii) V4 grows sufficiently fast: we have

Y(z):= 2" (V4(x)) 5 = o(1), x— +oc;

(iv) VY is sufficiently small w.r.t. V3:

=1€[0,400). (3.2)

For a potential V satisfying Assumption 3.1, the Schrédinger operator in L?(R )
H=-0+V, Dom(H)=W2>?R,)NW,;?*R.)NDom(V) (3.3)

is specified as in Section 2.2; see also our comments in Section 3.1.1 below.
To state our result, we introduce

ri=+vI12+1, 60:=arg(l+1) e (0,7/2], (3.4)

with [ as in (3.2). Assuming that b > 0 is sufficiently large, we denote by x, € R4 the
unique solution (see (3.1)) to the equation

Va(xp) = b (3.5)

(sometimes called a turning point of V5) and define

a:=Vi(xp) >0, Ai=a+ib="V(x) € RanV,
3.6)
V() \? Vi) (
= 1, 6, := .
" (vg'm) T )

Furthermore, noting that by Assumption (i) and (3.5) we have x, — 400 as b — 400,
then from Assumption (iv) we deduce that
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Ky = |,,,ei9 o rbei9b| _ 0(1), b — +oo. (37)

Theorem 3.2. Let V = Vi +iVy satisfy Assumption 5.1, let H be the Schrodinger operator
(3.3) in L*(Ry) and let A, be the Airy operator (2.2) with r and 0 as in (3.4). Let b,
xp, A and Kp be as in (3.5), (3.6) and (3.7), respectively. Then as b — +00

I =271 = 1A (V3 (@) ™5 (14 O (o + X(an))
3.1.1. Remarks on the assumptions

Firstly, potentials V satisfying Assumption 3.1 obey the separation condition (2.1).
To see this, consider a cut-off function ¢ € C2°((—2xq,2x¢)) with 0 < ¢ < 1 and such
that ¢ = 1 on [0,z¢]. We decompose V as V = V,, + V}, := (1 —¢)V + ¢V, where
Vi, € L®(Ry), V,, € C*(R;) and suppV, C [xg,+00). Thus it suffices to verify that
(2.1) holds for large x. By Assumptions 3.1 (iv), (ii) and (iii), we get for z — 400

< V@) + [Va(2)]

3 =
2

E{CO] PP (GO R
Wa@)? " (Ga)a)?

[Va(z)
V()]

Our second observation is that Assumption 3.1 (ii) implies that, for any 0 < ¢ < 1,

v

all sufficiently large = and |§| < ez™", we have

()

V. 0
) o jeqo, (3.8)
V9 ()

(see e.g. [27, Lem. 4.1]). We can therefore control the variation of V5 and that of VJ in

intervals whose length is of order x™".

3.2. Proof of Theorem 3.2
With A as in (3.6), let
Hy,:=H -\ (3.9)

The proof is structured in four steps. Firstly, we prove the claim “away” from the zero
ap, of Vo — b. Then we study the behaviour of the norm of the resolvent locally (i.e. near
xp). Next we establish a lower bound for the norm. Our final step, the theorem proof
proper, combines the previously derived estimates. Throughout we are chiefly concerned
with behaviour as b — +o0o and will therefore assume b to be as large as needed for our
assumptions to hold without further comment.

Let

1
b= (= G kB, Gi= 0 0<5< g, (3.10)
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where § will be specified in Proposition 3.4 and v > —1 (see Assumption 3.1 (ii)). By
remarks in Section 3.1.1, the above choice for the width of €} implies that Va(z) is
approximately equal to Va(xp) inside that interval (see (3.8)) and this fact will be used
in the proofs below.

From (3.10) and the already noted fact that z, — +o00 as b — 400, we deduce

xp— 20, =z, (1 — 202, '7Y) Z 2,  b— +o0. (3.11)

In what follows, we shall assume b to be large enough so that x, — 26, > max{1, 2o} and
Va(xp — 20p) > 0. This ensures that Va(z) > 0 for all x > x, — 205.

3.2.1. Step 1: estimate outside the neighbourhood of xy

Proposition 3.3. Let ) be defined by (3.10), let the assumptions of Theorem 3.2 hold
and let Hy be as in (3.9). Then we have as b — +00

Wi

v () Sint { T 0 2 0 € Dom(en). suppun o =0}

~ |

Proof. Define x;(z) := sgn(Va(x) — b), = € Ry, and note that ||xs|lcc < 1 and xj(z) =
0, z € Ry \ Q. Let u € Dom(H) such that suppu N Q) = 0, then

O Hyu, w) = (Hyu, xpu) = (u', xot') + (Vi — @) u, xpu) +i((Va = b) u, Xpu).
Therefore
(IVa = blu, u) = Tm (xp Hyu, u) < || Hyu|[[u]]- (3.12)
Next we find a lower bound for |Va(z) — Va(zp)| in Ry \ Q. By Assumption 3.1 (i), V5 is

unbounded and increasing in (xg, +00) and, since it is also bounded on [0, x|, we have
for large enough b

[Va(z) — Va(ap)| > min {Va(ap + dp) — Va(ap), Va(as) — Valas — )}, =€ Ry \ .
Applying the mean-value theorem for the first term inside the min with &, € (xp, 2+ )

and noting secondly that |§, — x| < 2,”/4 by (3.10) and therefore V(&) =~ V5 (xp) by
(3.8), we deduce that for b — +o0

Va(wy + 6) — Va(w)| = VE(€)0 ~ V3 ()8, = 8 (Vi () (T ()"

A similar result can be found for |Va(x, — 0p) — Va(xp|. Therefore

Wl

[Va(z) — b 26 (Vy(xp))® (T(xp)™t, z€RL\Q,, b— +oo. (3.13)
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Hence by combining (3.13) and (3.12) we conclude that for all u € Dom(H) with supp N
Q=0

8 (V3 ()™ (L))" Hull S [1Hpull, b — +oo,
as required. O

3.2.2. Step 2: estimate near xy,

Proposition 3.4. Let the assumptions of Theorem 3.2 hold, let Hy, be as in (3.9) and
define

Qp = (xb — 20y, xp + 2(51)) . (314)
Then as b — 400

A 517 (Vi (@) (1= O (ky + Y(a)))

H
ginf{” il : 0# u € Dom(H), suppuCQb}.

[l

Proof. If x € ), the Taylor expansion of V' around z; yields
Vi(z) —V(zy) =V'(zp) (x — xp) + %V”(mb +s(x—a)) (z — a)?,
where s = s(z,b) and 0 < s < 1. Let
Tola) i= V(@) (2~ 22) + 5V" (o + 5(x — ) (& — ) xo (&), € R,
and consider the operator in L?(R)
Hy = 9%+ Vy(z), Dom(H,) = W?2(R) N Dom(z).

Given p > 0, we define a unitary operator on L*(R) by (Uy ,u)(z) = pru(pr + ),
x € R. Then for any u € Uj ,(Dom(Hy))

~ 1 ~
(b, HyU,,_ ) (z) = —?u"(aﬁ) + Vi(px + xp)u(x), = €R.

If Q= (—20,p~ %, 20,p~ 1) and o € R, then
Vi(@) = p*Vi(p + m)

1 -
=V'(wo)p’z + SV (Gpz + 20)p"2"x0,, (2)
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+1+
Vs (xp) 2 Vy(x)

; 1V"(5px + xp)
i0p I St et V/ 3
<7"b€ + 2 ‘/2/(1'[;) pxXQb,p(m) 2($b)p fL',

/ "z
_ (%(m) 1 Wﬂwpxmm) Vi@’

where 0 < § < 1 and 1, 6, are as defined in (3.6). We are now in a position to define
the value of p for the remainder of the proof

pi= (Vi) . (3.15)
Let us call
1V"(5px + ) o
— = R 1
Rb(‘r) 2 ‘/2,(5517) px XQb,p(x)7 T € R, (3 6)
then
Vi(z) = ez + Ry(z), = €R. (3.17)

By Assumption 3.1 (ii), for b — +oo

Vs (5px + xp) .
< 22 v
T Vi) (8o + )

‘V”(§px + 1)
V3 ()

For any z € O, |8pz| < 32, by (3.10) and hence (z;, '3pz + 1)” ~ 1, i.e (Spx+axp)” =
xy. Combining this fact with (3.8), we deduce
V// e
‘M S Gpr+ap)” Sy, €, b—+oo.
V3 ()

For all z € Q , we have |pz| < dx," and therefore

lz7 Ryloe <6, lz72Ry|loe < Y(xp), b— +o0. (3.18)

~

Let Sy be the operator in L?(R)
Sy = 0%+ Vy(x), Dom(Sy) = W*?(R) N Dom(x). (3.19)

Our next aim is to prove that S, — Ss as b — 400 with Seg := Ay ¢ from the statement
of Theorem 3.2.

We begin by showing that there exists by > 0 such that 0 € Np>p,0(Sp). Note that
Sp = Soo + Vi — 1€z = S + (rpe’® — re?®)x + Ry, and, from (3.18), we have

||7"b€i9b —ret? 4+ J;_leHoo < |rb€i9b — Tei9| + ||$_1Rb||oo < Kkp + 0, (3.20)

~
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as b — 4o00. Note also that it follows from (2.3) that
lz S+ 1S5 el < 1 (3.21)
in the estimate of the second term we use the fact that (z(S%)~!)* is bounded and

therefore from the property of adjoint (AB)* D B*A*, if AB is densely defined, we get
that S 'z has a bounded extension. Hence, using (3.21) and (3.20), we obtain

(Vi — re2) S| < |rpei® — e + 27 Ryl |2 < Ky + 0, b — 4o0.

It therefore follows from (3.7) and an appropriate choice of sufficiently small 6 > 0

(independent of b) that, for all large enough b, the operator I + (Vi — re®x)S! is

invertible and
Syt = (Seo + Vo —rez) ™t = S NI + (Vo — rea) SN (3.22)

This shows that indeed 0 € p(S;), b — +o0, as claimed.
Furthermore, using (3.21) and (3.22) we deduce

1S 11+ Syt + 18, el S 1, b — e (3.23)

We now prove that S, 5 S, as b — -+o0. Using the second resolvent identity, (3.17),
(3.21), (3.23) and (3.18), we obtain

1551 = S = 1185 (Ve = rea) ST < moll Sy S+ 1185 RS
< rip ISy S+ 1Sy 2™ Re oo |25l (3.24)

5 I{b+T(ZL‘b), b — +oo.
We therefore conclude that
1S5 M = 1S (1 + O (ky + Y(3))) . b— +oc.

But S, = pQUb’pﬁbUbjpl and hence there exists by > 0 such that for all b > by

p 2 H =11 (1 + O (k6 + Y(a))) -
Let b > by and v € Dom(H) such that suppu C Q. Then u € Dom(f[b) and
|Hyu|| = ||Hyu| (we view a function from L?(R,) as belonging to L?*(R) using the

natural embedding). Finally, with v := Hyu € L2 (R), we conclude that

p 2 ull = 72l Hy toll < ISZHIN(L + O (ko + Y () [ Hpull . O
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3.2.8. Step 3: lower estimate

Proposition 3.5. Let the assumptions of Theorem 3.2 hold and let Hy be as in (3.9). Then
there exist functions 0 # u, € Dom(H) such that

2
|| = A2 (@) (1+ O+ T(@) lusll, b +oo,
Proof. We retain the notation introduced in the proof of Proposition 3.4; in particular,
Seo 1= A, g and S, is as defined in (3.19).

With a sufficiently large by > 0, the operators By, := (S;Sp) ™!, b € (b, 0], on L3(R),
are compact, self-adjoint and non-negative. Let 0 < ¢? := rad(B) = max{z : z € o(By)}
and let g, € L*(R) be a corresponding normalised eigenfunction, i.e. | By|| = <Z, Bpgp =
s2gp and ||gp|| = 1. Note that g, € Dom(S;S,) and it is straightforward to verify that

I1Ssgll = o = 1S, 17 = 1Bo] =2, b€ (bo, o0]. (3.25)
Moreover, from (3.24), we obtain
[sp — Soo| = O (kp + Y(p)), b— +o0. (3.26)
Note also that arguing as in the justification of (3.23) and recalling (2.4), we obtain

lz(S5) M+ 1025, M S 1, b — +oo. (3.27)

Let us take ¢, € C°((—28,p71,28,p71)), 0 < by < 1, ¢y = 1 on (—Gpp~ L, dpp~ 1) and
such that

[l < (Bop™) 77, G € {12}, (3.28)
Using (3.10) and (3.15), we find
(Spp ) = T (xp) = o(1), b— 400, (3.29)

by Assumption 3.1 (iii). As a consequence, ¥, — 1 pointwise in R as b — +o0.
Since g € Dom(Sy), we have

Spngs = Segs + (Vs — 1)Spgs + [Sb, ¥s)gs-

The last two terms can be estimated using (3.25), (3.26), (3.27), (3.28) and (3.29)

1y = DSbaull < e = D™ oo ll2(S5) " 11185 Segnll < T (),
11Sb: welgell < 19 lloo 1025y Sugnll + 144 lloo ol < Y (),
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as b — +oo. Hence ||Sythpgs|| = <, * + O(Y(xp)) as b — +oo. Similarly, writing g, =
g + (¥» — 1)gp, we obtain ||¢hpgp|| = 1+ O(T(xp)) as b — +o00. Thus using (3.26), we
arrive at

S 1
[Ssegell 1| O (ko + Y(2p)), b— +o0c.

1Vngs || Soo

Recalling from the proof of Proposition 3.4 that S, = pQUb’prbUb_; and letting uy 1=
U,;plwbgb, then u, € Dom(H) with supp u, C €2, and we conclude

[Hyus|| 1
Jusll PP

’ =0 (p~*(ko + Y(zp))), b— 4oo.
from which the claim follows. O

3.2.4. Step 4: combining the estimates
With ), €, and 6, from (3.10), (3.14), let ¢ € C°(2), 0 < ¢ < 1, be such that

o) =1, €, 60587, je{L2}, (3.30)
and define
dpo(z) =1—¢p(x), pi1(z):=@p(z), xe€R;. (3.31)

Lemma 3.6. Let the assumptions of Theorem 3.2 hold, with v and T as in Assump-
tions 3.1 (ii) and (iii), respectively, let Hy be as in (3.9) and let ¢y, k € {0,1}, be as
in (3.31). Then for all u € Dom(H) and k € {0,1}, we have

I[Hy, do,lull $ T (@) | Hyul| + 23" (T (2p)) " ull, b — +oo. (3.32)
Proof. Let u € Dom(H), then
<Hbu; ¢;;72ku> = 7<U/Ia ¢;),2ku> + <(V - >‘)Uﬁ ¢g?ku>

= 2<¢2,kula ¢Z’ku> + ||¢;7,kulH2 +((Vi — a)u, %,21@“)
+i((Va = b)u, ¢ 5 u),

and hence
Re(Hyu, ¢y u) = 2Re(g), pu', ¢y pu) + [|0h xu'[|* + (Vi — a)u, ¢y u). (3.33)

Let xp(x) := sgn(Va(z) — b), x € R4, as in the proof of Proposition 3.3. Repeating the
above calculations, we deduce
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(XxoHyu, ¢y 5u) = 2(¢}, pu’, xo0y ) + (3 xtt’, xo0h 1 u)
+ (Vi = a)u, oy 3u) + i{|Va — blu, ¢y 5 u),
Im (xp Hyu, ¢ u) = 2Im(gy, pu', xody u) + (|Va — blu, ¢)7.u). (3.34)

By Assumptions 3.1 (iv) and (i), there exists 21 > xo such that

Vi ()]

<l+1 > xy. 3.35
Vi <!Thoe=m 539

Moreover, from (3.11), z, — 20, > x1 for sufficiently large b. Consequently applying (3.35)
and Assumption 3.1 (i)

zp—0p

(Vi — a)u, diu)]| < /|mwwfmwmﬁﬂmmwm%x
zp—208p
T +20p
4 /IW@%JMMN%A@WMM%x
Ty +0p
xp—0p xp

< [ [ o) i a@P )P

Tp —2517 x

zp+28p T
+ / l/mwwm|¢ﬂmmwm%x
zp+0p b

< (U+1)([Va — blu, ¢ ).
Combining this last finding with (3.33) and (3.34)

H¢€,,ku’||2 = Re(Hyu, ¢é,2ku> - 2Re<¢2,ku/a ¢g,ku> —((V1 —a)u, ¢§)2ku>
S Hvullllp7ull + 1oh xt oy gl + (IVa = blu, ¢;5.u)
S I Hulll| 55 ull + loh xu 1o gl

and therefore for any € > 0

1 1 1 1
15 'l S [Hyull = | ¢ 5ull 2 + 165 xu'l|2 105 ull2

< Ywo) | Hyull + 23" (Y ()~ ull + ellgh | + ™ 23" full,

where we have applied (3.30). Choosing a sufficiently small & and using Assump-
tion 3.1 (iii) we deduce
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5 'l S X (o) | Hyull + 23 (T (w0)) ~|ull-

Finally, applying once more Assumption 3.1 (iii)

ILHy, do.Jull < 2ll¢5 kv’ || + 165 ull < T (o) [ Hyull + 25" (T ()~ lul,

as claimed. 0O

Proof of Theorem 3.2. Let w € Dom(H), with ¢px, k € {0,1}, as in (3.31), and write

u = ug + w1 where ug := ¢y ou and uy := ¢p 1u. Then
Hyuy, = ¢p . Hyw + [Hy, dpJu, k€ {0,1},
and therefore by (3.32) as b — 400
[ Hyur|l < (1+ O (T () || Hyul| + O (23" (T (@) ™) lull, k€ {01}

Firstly, note that suppu; C €y, hence by Proposition 3.4

lull < A6l (V3 (x0)) ™% (1+ O (s + Y(xs))) | Hpwa |, b — +oo.

Thus by Assumption 3.1 (iii) and (3.36), we have as b — 400
lurll < [A;S1 (V3 (20)) ™% (14O (s + T (@) | Hyull + O (X () [Jul -
Secondly, since supp ug N Q2 = @, by Proposition 3.3
ol < (Vi)™ % T(an) | Hyuol . b +oo
and applying again Assumption 3.1 (iii) and (3.36), we have as b — +00

ol < (VA1) ™% () [|Hpul| + (X ()2 ]

(3.36)

(3.37)

(3.38)

Combining (3.37) and (3.38) and applying Assumption 3.1 (iii), we find that as b — +oo

[l < fluoll + [l

< JAZAI (VB )™ F (14O (s + T())) | Hyull + O(T ()

and hence

lull < A2 (V3 (25)) "% (14O (ki + (@) | Hyul.

An appeal to Proposition 3.5 completes the proof of Theorem 3.2. O

(3.39)
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4. The norm of the resolvent in the real axis
4.1. Assumptions and statement of results

We begin by describing the class of potentials covered by our estimate for the norm
of the resolvent in the real axis.

Assumption 4.1. Suppose that V := iV, with V5 : R — R, Vo € C°(R) satisfying

(i) V4 is even:

(ii) V4 is eventually increasing:

Jdzg >0, VYo >xz, Vi(z)>0; (4.1)
(iii) Va is regularly varying:
36 >0, Vx>0, tl}gloo Wi(x) = wa(z), (4.2)
where
Va(t
W) = 28 )=, >0, weR (43)
Va(t)

(iv) V2 has controlled derivatives:
vneN, 3C, >0, |[Vi"(@)<Cn (14 Va(x)) ()", z€R. (4.4)
For potentials V' satisfying Assumption 4.1, we consider the Schrédinger operator
H=-0?+V, Dom(H)=W?2>*R)NDom(V), (4.5)

as in Section 2.2.
To state the result, we define the positive real numbers ¢, via the equation

ta‘/Q(ta) = 2\/53 (46)

notice that ¢t — tVa(t) is eventually increasing by Assumption (4.1), thus a — ¢, is well-
defined for all sufficiently large a > 0. Moreover, it follows that ¢, — +oc0 as a — 4o0.
Finally, let

u(t) =+ W)™ = (14 wp) ™ oo (4.7)
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Lemma 4.7 shows that ¢(t) — 0 as t — +oo.

Theorem 4.2. Let V = iV, satisfy Assumption 4.1 and let H be the Schrédinger operator
(4.5) in L*(R). Furthermore let Ag be the generalised Airy operator (2.5), let t, be as in
(4.6) and let v be as in (4.7). Then as a — 400

ICH = )7 = 1451 Vata) ™ (14 O (Uta) + (atta) <)) (4.8)
with 0 < e < B arbitrarily small and
1—¢, B>1/2,
1/2+B8—¢, Be(0,1/2).

4.1.1. Remarks on the assumptions
As a consequence of (2.9), if V' satisfies Assumption 4.1 (iii), then

lim Va(z) = +oo. (4.10)

|z|—+o00
Moreover, by Assumption 4.1 (iv) with n = 1, for any arbitrarily small € > 0

Vs (2
Va()|

2] = +ox,

~ )

| A+ Va@)@) !
2T Va(@))k

and it follows that V satisfies condition (2.1). Hence the graph norm of H separates
[ Hwll + ull* 2 la”[* + [Vl + Jull?,  w € Dom(H). (4.11)

Finally, the following estimates for the derivatives of W, shall be used in Steps 2 and
3 of the proof of Theorem 4.2.

Lemma 4.3. Let V = iV; satisfy Assumption /.1 and let Wy be as in (4.3). Then for each
n € N, there exists a constant Dy, independent of t, such that for all t > ty, with a
sufficiently large to > 0, independent of n, and all |x| > 1

W™ ()| < Do (1 + Wi(z)){z) ™ (4.12)

Proof. The claim follows from (4.4), (4.10) and |z| > 1, namely

Vs (t)| _ () 14 Valt) _ o 14 Wile)

(M) (] — g
W= = e e S e
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4.2. Proof of Theorem /.2

We transport the problem to the Fourier side and implement there the strategy of
Section 3.2. To this end, we introduce the operators in L?(R)

(4.13)
Notice that H = V — i &2, |Hul| = ||Hi| for all u € Dom(H) and ||Vu| = ||Vl for

all w € Dom(V'). Thus the separation of the graph norm of H, see (4.11), yields
| Hull® + lJul]® 2 1€%ul® + 1Vul® + ul®, u € Dom(H). (4.14)

The proof has an analogous structure to that of Theorem 3.2 but nonetheless some
steps are more technical. In particular, our simple estimate of the commutator of —0?
and a cut-off partition of unity in Step 4 of Theorem 3.2 (see Section 3.2.4) requires more
effort here (see Step 0 below).

4.2.1. Step 0: commutator estimate
The proof of our next lemma specialises that of [1, Thm. 3.15] for the operators that
we are interested in.

Lemma 4.4. Let F' € C*°(R) and m > 0 be such that
Vne Ny, 3C, >0, |FM(z)|<C, )™ ", zeR, (4.15)

and let ¢ € C°(R)NL>®(R) be such that supp ¢’ is bounded. For j € Ny and u € L (R),
we define the operators (with P := P©) and Q := Q)

Py = ng(j)g?—lu’ Q(j)u = ¢(j)u-
Then, for any N € Ny, we have

Z— WDPDy + Rypqu, ue.Z(R), (4.16)

uMz

k)

where Ry 41 is a pseudodifferential operator with symbol rny1 € S{',’O_N_l(]R x R)

Ryy1u() = /e_igx ry+1(& ) u(z) da. (4.17)

R

Moreover, for every N € N with N > m, there exist | = I(N) € N and Ky > 0,
independent of F' and ¢, such that
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Bl < Koy o {164} Jull (4.18)

Proof. Let p(§, ) := F(x) and q(§, ) := ¢(€), then our hypotheses ensure p € S{(R x
R) and ¢ € 87 o(R x R). Moreover (with £ € R)

Pmo:/fmﬂammm&,Qw@:/f@«ammm&,
R

R

and therefore both symbols define continuous mappings on .(R) (see [1, Thm. 3.6]). An
analogous claim holds for PUu, Q)| j € N. Furthermore, by the composition theorem
[1, Thm. 3.16], PQ is a pseudo-differential operator with symbol p#q € S7H(R x R)
determined by

N

p#q 57 Z ! F(] ( )+TN+1(€7x)7

:0

where ry 41 € SI’fO_N_l(R x R) for any N € Ny and (with z,2",£,&" € R)

TN+1(€7 =

// e’ ae (&, ') da’ d¢, (4.19)
1

dea(€2) = 6NV (e 4 €) / (1—0)N PN+ (3 1 g27) do. (4.20)
0

Thus the composition formula (4.16) follows by simple manipulations.

In the following, z,2’,£,&' € R and a = (a1, a2), 8 = (81, B2) € N2 are arbitrary. We
define a(&, &, z,2') := ag (¢, 2") € C°(R? x R?) with ag, given by (4.20). Using the
assumption (4.15), we obtain

a( (mx)(gfl‘l‘)

1
— ¢(N+1+|a\)(§ + g’) / (1-— Q)N 952F(N+1+|5|)(x + 933’) do

(4.21)

0
< CN,fSHQS(NJrlJrla / 0[‘32 $ + 6 >m N-14p
0

< Ci gl o™ D (2, 2)) =N,
where in the last step we have used the fact

(2 + 0"y Nt < (g4 g2/ N < ()N g eo,1], 2 €R.
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Notice that CY; 5 is independent of £, z,{’, 2" and ¢ and therefore (4.21) shows that a €
.A(‘)m_N_l'(RQ x R?). Applying Fubini’s theorem for oscillatory integrals [1, Thm. 3.13]
to (4.19), we deduce that for any a;, 51 € Ng and £, € R

N41 o o
8?18§1TN+1(§,$) = ZN, Os- // elr's 8?1851615@(5’@’) dz’ d¢'.

Moreover, by Peetre’s inequality (see [1, Lem. 3.7])
(z+ ')y N=E < (gym=N=L gy m=N=1l g e [0,1], z,2' €R.

Therefore (4.21) also implies that, for any &,z € R, 95107 ag» € Am=NTIR < R)
w.r.t. (¢,2') and, for any I € Ny, there exists Cv g, ,; > 0 such that

a1 98 (N+14a1+7) m—N-—1
106" 02" gzl -1y < Oy 1085 (|6 T oo () :

Hence by [1, Thm. 3.9], for a sufficiently large [ € N (depending on N)

3?15517‘N+1(5793)‘ = % ‘Os— // e”/glaglaflagyx(f’,:c’)ax’ag’

§ CN‘@?lafl aE"z|.Ag"L7N71‘,l (422)

||¢(N+1+a1+j) ”oo <$>mfN71

)

!/
< Onpit 08

with Cy 5, > 0 independent of I and ¢. Since ry41 € SffO*N*l(R x R), it follows that,
for any N > m, £ € R and $; € Ny, 0%1ry41(€,-) € L (R) and therefore
k(f, Z) = /efiz:r 7AN-i-l(é'a (E) aZL', ga zZ € R7
R

is well-defined. Moreover, by (4.22), for large enough ! € N and some Cy,; > 0 (inde-
pendent of F' and ¢)

4+ 22(E )| = | [ 51— )€ ) To| < Ot s oV
J 23

Hence

9(z) == sup [k(£, 2)| < Oy max [[¢N 14| (142%) 7" € LY(R) (4.23)
ceR 0<;5<l

and
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|RM4M>M-/ & o (€, 2) () A S/%@i*@HMﬂHﬁ

R R
g/@@—nwwmmn:@*wngy
R

The claim (4.18) follows by Young’s inequality and (4.23). O

4.2.2. Step 1: estimate outside the neighbourhoods of £,
For a € R, we shall denote

1
a, :t (iga (5117 iga + 6(1)7 ga = \/E, 0q 1= 65117 0<d< Za (424)

where the parameter d will be specified in Proposition 4.9 and
Hy:=H—a, H,:=—iFH,F '=H+ia=V—i¢—a). (4.25)

Proposition 4.5. Let Q, . be defined by (4.24), let the assumptions of Theorem 4.2 hold
and let H, be as in (4.25). Then as a — 400

H, .
aSinf{|”;|l|L” : 0# u € Dom(H), suppu N (Q, , UQ, )—@}.

Proof. In what follows, we shall assume a to be large and positive. Let 0 # u € Dom(H)
with suppu N (9, U, ) =0 and consider

1 Houll* = [Val® + (€ = a)ul® + 2Re(Vu, i(¢* — a)u)

-~ 1 1
> [Vul® + S (€ = a)ull® + S11(€* — a)ul® - 2| Re(Vu, —i(§* — au)|.

Note that
| Re(Vu, —i(€ — a)u)| = | Re(Vu, —i&?u)| < [(V5ii, &) < [|(1+ V)ull||€ul,

appealing to Assumption 4.1 (iv) with n = 1 for the last estimate. Furthermore, for any
€ > 0, there exist C; > 0 such that

IVaullllgull + l[ullllgu] < el Vull* + el €l + Cellull*.
Noting also that, for any ¢ € supp u, there exists Cj§ > 0 such that

|£2 _a| = |£+§a||§ _§a| > 53 = 520’7
€] <IEt&al +Ea < (L +1/)[E£&| = €2 —a] > C3€°.
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Hence, with an appropriate choice of ¢, we conclude that there exists C's > 0 such that
|Haull? = Cs (€2l + | Vull? + o ull?) (4:26)
which proves the claim. O

4.2.8. Step 2: estimate near £,
We start with three lemmas used in the proof of Proposition 4.9 below.

Lemma 4.6. Let V = iV, satisfy Assumption 4.1 and let Wy, wg be as in (4.3). Then for
any a,b € R, with a < b, we have ||[(W; —wg) X[a,5]|lcc = 0 as t — +00.

Proof. Because of Assumption 4.1 (i), it suffices to consider a > 0. Assume firstly that
a > 0 and let L be the slowly varying function such that Vo = wgL (see (2.7)—(2.8)).
Then for all z € [a, ]

Wi(2) — ws(a)] = ws(a) \

and the claim follows by the locally uniform convergence for L (see Section 2.4).

For [0,], let € > 0 be arbitrarily small and take b’ € (0,b] such that 0 < wg(x) < ¢
for any z € [0,0']. If xg is as in Assumption 4.1 (ii), then, for any = € [0,b'] and
t > 719 :=x0/b, we have
Valta) _ Ogg;o‘/z(y) +w01%13%<b/t‘/2(y) Og;/f%g);OVz(y) Va(b't)

Va(t) — Va(t) N Va(t) Va(t)

0<

where we have used the assumption that V5 is increasing in [xg, 400). Therefore, by
(4.10) and Assumption 4.1 (iii), there exists 7 > 75 such that

Va(t )

R TAO)

<e+wgt)+e<3e, z€[0,b], t>mn.

Hence
[Wi(z) —ws(z)] < Wi(z) + wp(x) < 4e, z€[0,b], t>.
If ¥ < b, then we use the first part of the proof to find 75 > 7 such that
[Wi(z) —wg(z)| <e, xebb], t>m,
which concludes the proof for [0,b]. O

Lemma 4.7. Let V = iVs satisfy Assumption 4.1 and let v be as in (4.7). Then o(t) = o(1)
as t — +o00.
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Proof. By Assumption 4.1 (i), it is enough to consider what happens to

sup |(1 + Wi(z)) ™ = (1+ wg(x))_1| , t— +oo.
0<z<+00

Let € > 0, then there exists M7 > 1 such that
(1+wg(x) P <e, o> M. (4.27)

Let L be the slowly varying function such that Vo = wgL (see (2.7)—(2.8)) and consider
v € (0, 5). Using the representation of L in (2.10) and properties of @ and € (see (2.11)),
there exists 71 > 1 such that for all ¢t > 7, and x > 1, we have

tx tx
L(tz)  a(tx) e(y) 1 / dy 1 _
- Wyl > 2 oy [ ) = 492
i~ v | [ ) 5o )T (4.28)
Therefore by (2.7)
L(t 1
1+ Wi(z) =1+ wg(z) é(;) 21—|—§x577, x>1, t>n (4.29)

and we conclude that there exists My > M; such that
(1+Wt($))71 <e x>My t>T. (430)
Combining (4.27) and (4.30), we find that

sup (14 Wi(2) ™' = (14 ws(a) ' <e, t>m. (4.31)
Mo<x<4oco

Notice that for any x > 0 and ¢ > 0
[+ W)™ = (L4 ws(2)) 7| < [Wi(z) — ws(2)]. (4.32)
We now apply Lemma 4.6 to [0, Mz] to deduce that there exists 7 > 7 such that

sup |Wi(z) —wg(z)| <&, t> T,
0<z< M,

which, in conjunction with (4.31) and (4.32), yields the desired claim. O

Lemma 4.8. Let V = iV satisfy Assumption 4.1, Wy be as in (4.3) and SP be the operator
in L?(R) determined by

S = -0, + W,
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as in (A.1). Then ast — +oo, we have Dom(SY) = W12(R) N Dom (V) and there exists
C > 0, independent of t, such that

I15Pull? + [[ull® = Cl'I* + [[Weul* + [ull?), u € Dom(sp). (4.33)
The same statements hold true for (SP)*.

Proof. First observe that (4.4) with n = 1 and (4.10) imply that

< -, s— +oo,

and therefore for every ¢t > 1 and all sufficiently large x

tx
Va(tx) V3 (s)l
log V(@) < Vo)l ds <logt.
Hence for every ¢ > 1, Dom(W;) = Dom(V).

Next, consider ¢ € C°((-2,2)), 0 < ¢ < 1 such that ¢ = 1 on (—1,1) and denote
¢ :=1— ¢. We split W, as W, = ¢W, + ¢W; and show that ¢W; is uniformly bounded
and @W, satisfies (A.7) uniformly in ¢. The claims then follow from Proposition A.2.

Firstly, by the locally uniform convergence of W; to wg (see Lemma 4.6)

[0 Willoo < lo(Wr — wp)lloo + [[dwplloc S 1, ¢ = 400
Secondly,
|(@(@)Wi(2))'| < 16 Willoo + [$(@)W] (2)] S 1+ [$(x)W ()], t— +oo,  (4.34)

since supp ¢ is bounded and W, converges to wg locally uniformly. Moreover the last
term in (4.34) is estimated using (4.12) with n = 1 and the fact that supp ¢ is outside
(=1,1). Thus altogether we obtain

O (x)We(x)

()

(S(x)We(@))'| S 1+

9

thus (A.7) is indeed satisfied (uniformly for all sufficiently large ¢t). O
Proposition 4.9. Define
Qa,j: = (iga - 25(17 ifa + 2611) ) (435)

with &, 64 as in (4.24). Let the assumptions of Theorem 4.2 hold and let ﬁ, f[a, Ag, tq
and v be as in (4.13), (4.25), (2.5), (4.6) and (4.7), respectively. Then as a — +00
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||A;§1||_1 Va(ta) (1 -0 (L(ta) ta? t;1))

| o 5 (436
< inf : 0#u e Dom(H), suppu C Qg+ ¢ -

[l

Proof. We shall derive estimate (4.36) for u such that suppu C Q4 4. The procedure
when suppu C € — is similar (see our comments at the end of the proof).
Clearly €2 —a =2&, (£ — &) + (€ - £a)2 and we introduce

Va(€) i= —i(264(6 — &) + (€ — &) X0, (€)), E€R.

With V as in (4.13), let us define the following operator in L?(R)

Hy, =V +V,(¢), Dom(H,)={ueL*R) : deW"*R)NDom(V)}.
Given t > 0 to be chosen below, we define a unitary operator on L*(R) by
(Uagu)(€) =t2ut '€+ &), EER.
Then with Q4 1= (—20,4t, 20,t)

1
Va(t)

. 28, 1
TADNEMETAD

Ua i H U = FW, 771 — X0, (6)- (4.37)

In what follows, we select t as t := t,, where t, is defined by equation (4.6), i.e. t,Va(ts) =
2¢,, and we recall that t, — 400 as a — +o0o. We denote

Ru(©) = xa, () (4.39)
a =79 €ula XQa,t, \S)> .
and, from (4.38) and &, = 0&,, we obtain
15 ”g XQa,t HOO < —-2D 1
alloo — < ~ 57 alloo = . 4.
71 Rall =+ 520 I Rallc = 3o (4.39)

We further denote

=T =FW, T i€,
Dom(S2) = {u € L2(R) : & € W“3(R) N Dom(V)},

where (with an abuse of notation) SJ := 57 and W, := W;, from Lemma 4.8. Our next
aim is to show that

S, =8+ R, (4.40)
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converges to §Oo = FAp.Z ! in the norm resolvent sense as a — ~+o0o0.
The spectra of Ag and S?, and hence those of So, and S?, are empty, see Lemma 4.8
and Proposition A.1. Moreover

1(S2+1) 7 = (Seo + DM = (S2+ 1) = (Ag + 1) 7Y. (4.41)
Take ¢1, ¢2 € .#(R) and define
¢y = (S2+1) " ¢1 € Dom(SY) = WH2(R) N Dom(V),
¥ = ((Ag +1)7")"¢2 € Dom(Af) = W?(R) N Dom(wg).
Then
(((Se+ D)7 = (A + 1)), ba)
= (1h1, Afha) — (Sotp1, ¥2) = (1, wptha) — (Wathy, ¥2)
— [ @al) = Wa(a)r (@) (o) do

R

= [ (@ Wale)™ = @+ @) ™) r(@palo) o

R

with 1 := (1 + Wy)¢1 and 2 := (1 + wg)ihe. From the graph norm estimates (4.33)
and (2.6), we obtain

leal = 11+ Wa) (Sa + D7 oull S llonll,  Npall = (1 +ws) (A + 1)~ 62| < llp2]l-
Therefore, with ¢ from (4.7) and ¢4 := ¢(ts),

[{((Se + )7 = (Ap + 1) er, ¢2)| < tallonlllozll S talldnlllidzll-

Hence by Lemma 4.7, the density of .#(R) in L?(R) and a standard resolvent identity
argument, see e.g. the proof of [12, Lem. 2.6.1], we arrive at (employing (4.41))

18D =S St =0(1), NED M =145"10+00)  (442)
as a — +o0o. We transport the graph-norm estimate (4.33) to the Fourier side
I1S0ull” + [[ull® Z g ull® + | FWa " ul® + ||ul®,  w € Dom(S) (4.43)
and thus in particular (similarly as in the justification of (3.21))

€S+ 15972 1, a— +oo. (4.44)
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Combining (4.44) and (4.39), we deduce that ||R(5°)~!|| < 6 as a — +oo.
It follows, by choosing a sufficiently small § > 0, independently of a, that the bounded
operator I + R,(S%)~1! is invertible, for all large enough a, and

Sat = (ST M I+ Ra(S) 77
This shows that 0 € p(S,) for a — 400 and furthermore, using (4.44), we deduce
165+ 18 EN S 1, a— +oo. (4.45)
By the second resolvent identity, we have as a — +o0
152 = (S = 18 €€ 2 Ra ()1 S 167 Rallos
where, for the last estimate, we have applied (4.44) and (4.45). Thus from (4.42) and

(4.39), we find

S’\a_l_g_ SLa"'_fata_l:Ola
| i | (§ata) (1) (4.46)

1
|
182 M = 1145 1 (1 + O (ta + (&ata) ™)), a— +oo.

Noticing that S, = Va(ts) ™! Uas, Hq Ua_’tla (see (4.37)) and that |H,u|| = ||Hqul| for

~

0 # u € Dom(H) such that suppu C Q, 4+, we arrive at
Va(ta)llull = Va(ta)|Hy  Houl < [ A1 (1+ O (ta + (ata) ™)) [ Haull,

as required.
For the case suppu C £, _, we repeat the above arguments but defining in-

stead Vo(€) = i(26a(€ + &) = (€+&0) X0, (€)), (Uarw)(€) = t2u(t™1¢ = &),
SV = FZ(S0)F = FW,F 1 +if and So := ﬁAZ?’l. |

4.2.4. Step 3: lower estimate

Proposition 4.10. Let the assumptions of Theorem /.2 hold and let ﬁ, I;Ta, Ag, t, and
v be as in (4.13), (4.25), (2.5), (4.6) and (4.7), respectively. Then there exist functions

~

0 # u, € Dom(H) such that
| Haall = 145117 Vata) (140 (u(t) + (a2 )™)Y luall, @ = +o00,
where for any arbitrarily small 0 < e < B

1, B>1/2,
1/2+p8—¢, pe€(0,1/2].
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Proof. We retain the notation introduced in the proof of Proposition 4.9; in particular,
Sy = FAzF ! and S, from (4.40). The proof follows the steps of that of Proposi-
tion 3.5.

With a sufficiently large ag, let g, € Dom(5%S,), ||lgall = 1, a € (o, +00], such that

ISagall = ca* = IS I~
Note that from (4.46) we obtain
sa — Soo| = O (ta + (fata)fl) , a— +oo. (4.47)

Consider ¢, € C*((—2d4ta,20ata)), 0 < ¥y < 1,9, = 1 on (—0d4ta,0ats) and such
that

[P0 S (Bata)™ = (Cata)™, j€{1,2,...,N+1+1}, (4.48)

with N := [3] + 1 and sufficiently large [ € N (see the statement of Lemma 4.4 and, in
particular, (4.18)). Recall that ¢, — +00 as a — 400 (see (4.6)), hence 9, — 1 pointwise
in R as a = +o0.

Next, we justify that ¢,g, € Dom(F W,.Z ') and therefore 1,9, € Dom(§a). Sim-
ilarly to (4.28)—(4.29) (but estimating instead an upper bound), and using the locally
uniform convergence of W, to wg (see Lemma 4.6), we find that W, (x) < (z)?+7, x € R,
with any arbitrarily small 0 < ~ < S, for all sufficiently large a. Moreover, as in the
proof of Lemma 4.8, consider ¢ € C°((—2,2)), 0 < ¢ < 1 such that ¢ =1 on (—1,1)
and denote ¢ := 1 — ¢. Then the estimate (4.12) and Leibniz rule show that there exist
C!,C" > 0, independent of a, such that for all sufficiently large a,

[(p(x)Wo(2))™] < CL (14 Wa(z))(z)™ < C{x) ™ zeR, neNy. (4.49)

Thus for sufficiently large a, F' := ¢W, satisfies the assumptions of Lemma 4.4 (with
constants independent of a). Hence, for all u € .(R), we have

F W T ou = Yo FoWoF Y+ [F W T~ he]u

and, using (4.49), (4.16), (4.17) and (4.18),
_ Ny _ .
[1F6Waf ™" walull < 3 1106 ol F (GWa) D F ™ ] 4 || B

=1
N .

<3 G0 oo |l F (1 + Wo) F Ml
j=1

(N+14) }
+ Ky max, { [V } u
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<Cy_max {9 o} (1F W ull + |lul),

1<j<N+1+1

with C > 0 independent of a. Hence by (4.48)
L7 dWaF 1 alull S (ata) ™" (1 FWaZ " ul| + |Jul]) - (4.50)
Since W, converges to wg uniformly on bounded sets (see Lemma 4.6), we have
| FoWaZ ! S 1. (4.51)

Moreover, .#(R) is a core for FW,.Z ! and we conclude that [FW,Z 1, 1,] is rela-
tively bounded w.r.t. #W,.Z# ~1. Hence we have indeed 1,9, € Dom(S,).
Next, we write

§a¢aga = §aga (1/)11 - ) a9a + [géWaﬂilawa]ga
F (bWaJ_l(wa - 1)ga - ('@[}a - 1)§¢Waﬁ_1ga

and we proceed to estimate all the above terms but the first one. Employing (4.47),
(4.45) as well as the graph norm separation as in (4.43) for S? (and analogously for the
adjoint S7), we obtain as a — 400

[ = DSagall S 1(Wa = DEHclI€(5) 155 5ugall < (Eata) ™,
IL7 & Wa " talall S (6ata) ™ (1Sagall + l19all) < (Eata) ™",
|7 6 WaF ™ (o = Dgall £ [1(a — DE loolI65, 115agall < (Gata) ™

in the last two estimates we have also used (4.50) and (4.51), respectively. Since further-
more ||p(W, —wg)||s S ta, then

(o = 1)F ¢ W "'gall S ta + (Yo = 1)F pws T~ gal|-
For 8 > 1/2, we have

[(¥a = DF ¢wpF " gall SN = DE Holl€F dwpF ™ gall
S (gata)iln(ﬁbwﬂga),” 5 (gata)ila

where in the last step we use |[(¢ws)'|| S 1, [[dwsllec S 1 and

~

I9allsc S Ngalls S 1(Egall ST, Ndall < 1€gall < 1.

For 8 € (0,1/2] and 0 < ¢ < 3, we define 1/2 < lg. :=1/2+  —e < 1 and we fix
some 0 < é < e. Then
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(0 = 1)F dwpZ " gall < (Yo — ()< [0 l(€)'*F pwsF " gall
< (Eata) T2 [(€)" = F dwpdal
< (Eata) ™" (Ixqre1<13 (€)= F ¢ wpdall
Hixqie1213 (6" F dpwsdall) -

Since [[pwpdall S |ldall = 1, we conclude that

IXg1e1<11 €)' F pwpdall S 1.
For the second term, we use the facts that ||[¢wgd,|l S 17,] S 1, |6/ wadall S 11dall =1
and [[$widallpy < ldallscll@whlly S 1, with p = (1—-B+8)7" € (1,(1-p)7") C (1,2).

Then, by the Hausdorff-Young inequality (see e.g. [20, Prop. 2.2.16]), we have that
|7 ¢whdallg S 1, with ¢ = p/(p—1) € (67", 00) C (2,00). Thus we find

Ixqie>13 (€)= F dwsdall S Ixqie>13 (€)' F (dwpda) |
ST+ [Ixqesn (&) 17 P wsdall

< L+ [0 V2 F $widally S 1,

where in the last step we have applied Holder’s inequality with p’ = p/(2 — p). Hence
when 8 € (0,1/2] we have

(0 = 1).F dwpdall S (Sata) ™.

In summary, writing ¥,g, = ga + (1 — 14)ga, we obtain as a — +00

||§a¢aga|| = gz:l + O(La + (fata)ilﬁ)a \\%ga\l =1+ O((gata)il)-

Thus using (4.47), we arrive at
1

‘@;%ga Ol + (Eat)17)
—_ — — | = ta + (§ala) 7), a— +o00.
||1/}aga|| Soo

Recalling that S, = Va(ty) ™ Ua., Hq U;tla (see (4.37)) and letting u, = U, ¥aga,

~

then u, € Dom(H) with supp u, C Qg +. We therefore conclude

= O(Va(ta)(ta + (Eata)ilﬁ))v a — +00

| Hatall _ Va(ta)
HuaH Soco

and the claim follows. 0O
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4.2.5. Step 4: combining the estimates
With Q) 4, Q4+ and d, from (4.24), (4.35), let g+ € CZ(Q,+), 0 < dgx < 1, be
such that

Gas(@) =1, €€y, 6V S67, jE{1,2,...,N+1+1}, (4.52)

with N := max{[f] + 1,3} and sufficiently large I € N (see the statement of Lemma 4.4
and, in particular, (4.18)), and define

¢a,0 =1 (¢a,+ + ¢a,—)7 d)a,l = (ba,—&-a ¢a,2 = ¢a,—- (453)
Lemma 4.11. Let V' = iV, satisfy Assumption 4.1 with § > 1 and let pg :=1+1/(8 —

1) —e, with 0 < e < 1/(B — 1) arbitrarily small, and g := pg/(pg — 1). Then for any
ue.SR)and j €N

IVOa| < flull + (1 + Va)al| 7 [Ju] % . (4.54)
Proof. Let u € #(R) and j € N, then by (4.4) and Holder’s inequality
. ) 1 1
IVaP ] S 1L+ Vo) (@) ~Ta) S (1 + Va) (@)~ all S Jlull + [|(Vala) 1P| # flul % .

From Assumption 4.1 (iii) (note also (2.7) and (2.9)), we have for any v > 0 and suffi-
ciently large |z

(@) 177 S Va(a) (@)~ S (2)P 1
Therefore, given € > 0, by choosing « > 0 sufficiently small we have

(Va() (o)1) S (@)777 S Va(z), 2] = +oo,

and (4.54) follows. O
Lemma 4.12. Let the assumptions of Theorem 4.2 hold, with ‘7, ﬁa, t, and B as in

(4.13), (4.25), (4.6) and (4.2), respectively, and let ¢q ., k € {0,1,2}, be as in (4.53).
Then for allu € #(R) and k € {0,1,2}, we have

IV, Gailull < 0”2t | Haull + O(a,e) Jull, @ — +oo,
where for any arbitrarily small € > 0

a b B8 <2,
O(a,¢) :== ) (4.55)
a-heplre g o
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Moreover
O(a,e)(Valta)) M(a2ta)' " = 0(1), a— +oo. (4.56)
Proof. Let u € .#(R) C Dom(H), then
1Vl S || Haull + allul, (4.57)

(see (4.14) and (4.25)). Note also that

=

1 ~ ~ ~
Va2l = (Vait, @)% = (Vu,u)? = (Re(Hyu,u))® < || Hyul|® ||ul|%. (4.58)

Furthermore, by Assumption 4.1 (iii), and recalling our earlier remarks on regularly
varying functions, in particular (2.7) and (2.9), we obtain from (4.6)

01T < 1, Va(ty) = 207 < BT, (4.59)
for any arbitrarily small v > 0 and any sufficiently large a.

In the case 8 < 2, appealing to (4.16), (4.18) and (4.52) and noting that EVQ(j)ﬂ’l
are bounded operators for j > 2 (recall Assumption 4.1 (iv)), we have for any k € {0, 1,2}

IV, Gailull S 665 VsF " ull + 0™ |ull
SNFVsF 7 G pull + I Vs 7~ 0l ilull + a7 lull
SIFVEF 7 g ull +a™ ul.

Moreover, using (4.4), (4.58), 8 < 2 and the fact that ¢, — +00 as a = 400

1 —
17V 71l gull S N1+ Vo) (@) T F 1 gull S N0 pull + (V2> Z " ¢ poul
< ta | Hadg gull + tal| @), gull-

Since supp ¢/, ,u N (2,  UQ, ) =0, we have applying (4.26)
16, pull S @ || Had, gl
and, since t2a=1 — 0 as a — +oo (see (4.6) and (4.10)), we conclude
1ZVEF G ull S 15 M | Hadl gl S 57 (a2 | Haul| + 1V, 6, ull).
Furthermore, by (4.16), (4.18), (4.4), (4.58) and 8 < 2

= _ _ _3 _ 1 _3
IV, ¢l Jull S a I FVEF Ml + a2 |ull S aH([lull + Va2 @ll) + a2 [Ju]
S a ([ Houll + [lull)-
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Hence
17Vs 71, ull S a” 2t | Houll + o= 7 |Jul (4.60)

and
IV, ailull S a= 27 || Houll + o= |u] (4.61)

as claimed. Moreover, using (4.6) and (4.10)
a ' (Valta)) tatty = 2(Va(ta)) 2 = 0, a— +oc.

For 8 > 2, applying (4.16) we obtain

N
IV, balul S 164 FV3Z 2l + 1Y 600 FVa F u+ Ryl (4.62)

=2

In order to estimate ||¢é,k§V2'§_1uH, we introduce cut-off functions 7, € C°(R),
0<ner <1, ke{0,1,2}, satisfying

naw(€) =1, €esuppdly, [1Uhlloo Sa™%, je{l,... . N+1+1}

(4.63)
SUpp Mg,k N ((*ga - 5/&1’ —&a + yfa) U (ga - 5/£a7§a + 6/£a)) =0,

with 0 < §’ < §. Then applying Lemma 4.11 and Young’s inequality for products (note
that pg,gp € (1,+00)) and using the fact that t, = +00 as a = +o0

—_ - _l B
10,k FVEF " ull = |6 10 FVEF Ml S 07 o FVEF ]
S a H(IZVZ gl + [ Z V32 maslul)

1 -~ 1 1
S a2 ([[narull + 11+ V)napull 72 |10, kul 2 (4.64)
+ [[FVaF ™ naklul)

1

1, = -
S a2 (6 Ve kull + e flull + [[FVF " na lul)).

Since supp Na, kWM ((*ga — 08, =& + 5/511) U (fa —0"¢a,&a + 5/511)) =0, using (426) we
have

Vnarull S 1Hanawull S [ Hawll + [V naxlull-

Applying (4.16) to [IA/,na,k] and using (4.63) and the fact that, by (4.4) and (4.57),
||9V2(J)9_1u\| < [Haul| + al|ul| for any j € N, we obtain



A. Arnal, P. Siegl / Journal of Functional Analysis 284 (2023) 109856 37

N
IV, naelull S W Z Ve F "l + 3 19, FVD T ul| + | Ry g
j=2
S a2 | FVEZ N + a7 Y Houl| + [Jull.
Furthermore, noting firstly that a%t;2 ~ Va(ta)t; ' — +oo and secondly that, for suf-

26-0() 2 270796, L0 as a — +oo (see (4.6) and
(4.59)), we have by (4.54), (4.57) and Young’s inequality for products

ficiently small €,v > 0, at,

2

_ , B . - o
IV, naelull S a2 (lull + 2210+ V)ull + 2" [lull) + o™ | Haul| + [[u]

< a3 (82 Bl + at 2l + 2E~40O) u]) + 0= Byu

S a2t 2| Houll + at;2|ul,

which yields

5 -~ 1 _
IViaull S | Haull + aZt2?||ul. (4.65)

Moreover, repeating the same arguments which we have used for [‘A/, Na,k]u, we find

_ _1 _ _ s
I[FV3sF naplull S a2 | Z Vs F Y| + a™ Y| Hyul| + [Jul] (Lo
S a3t 2| Houl| + a2t 2]|ul.

Returning to (4.64) with (4.65) and (4.66) and noting that for any small but fixed ¢ > 0
we can always find v > 0 such that

a” T tPHIHOE) 8O (Vy(1,)) 7 2 197 5 400, a — +oo,
we obtain

_ 1, = _ 1
|6, w FVaF || S a2 (67| Houl| + 2709 |lu]| + a2t %|u]) )
S a E Y[ Houl| + a” 25710 [y

Next we estimate the second term in the right-hand side of (4.62) using (4.52), (4.54),
(4.57), N > 3, Young’s inequality for products and aty 2P0 P 2727796 4 1o as
a — +0o
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N . .
1> 67V 7 u+ Ry
j=2
N 4 2
Sa ' Y12V ) a7 ull S @ e N+ PVl 2 lull) (4.68)
=2
S a8 [ Haul| + t; %allu]| + 277D TOE flu))
S a2 | Houl| + 3% |[ull.
Combining (4.62), (4.67) and (4.68), we have
IV, Gaplull € a= 285 | Haull +a” 26771+ ]
as required. Finally, using (4.6) and (4.59)
0T (Va(ta)) "M aZta) ™ m 875 (Va(ta)) ™17 S 7A=Y 0, 4 — +oo,
since v > 0 can be chosen arbitrarily small. This concludes the proof. O
Lemma 4.13. Let the assumptions of Theorem /.2 hold, with ﬁa, t, and O(a,e) as in

(4.25), (4.6) and (4.55), respectively, and let ¢qr, k € {1,2}, be as in (4.53). Then for
allu € L (R) and any arbitrarily small € > 0, we have as a — 400

(|1 Hada1ul® + | Hotapul?)? = | Hol$an + dao)ull + O(a™ 2, | Hyul + O(a,e)]|ul]).

Proof. Let v € #(R) and uy 1= ¢q ,u with k € {1,2}. Applying (4.16) with F' = V5
and ¢ = ¢q , we have for k € {1,2}

Hyuy, = ¢a,kﬁau + [V, Gak)u = By g+ Ry41 kU
with
N N oo
BN g = ¢g g Hou + Z 7¢((ZJLV(])U
: 77
Jj=1
and Ry41u as in (4.17), (4.19) and (4.20). Noting that supp(Byiu) C Qg4 and
supp(By2)u C Qg —, and consequently By 1u L By ou in L?, we get
| Ha(ws + w2)|[* = [ Hows|* + [ Housl| + 2 Re(Hyur, Houn)
= ||1E,\[aul||2 + ||I§au2|\2 + 2Re(Bn1u, Ryy1,2u)
+ 2 R6<RN+171U, BN’2U> + 2 Re<RN+1’1U, RN+1)2u>.

Hence
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([ Hawr |* + [ Houz |22 — [|Ho(uy + ua)|| S | Byaul? (| Ry41,2ull2
1 1
+ | Rny1,1ul2 || By 2ul|2 (4.69)
1 1
+ | Rvg1,1ul| 2 [[ Ry 1,0ul 2.

Applying (4.18) and (4.52) and recalling N > 3, we find ||[Ryy1,ul < a72||ul for
k € {1,2} and a — +o0. Moreover

N
~ B 1 N
1Byl < ||Haoull + 16, FVaF |+ jﬁwi{?cv(”un,
j=2""

for k € {1,2}. The second and higher order terms in the right-hand side of the above
inequality have already been estimated in Lemma 4.12 (see (4.60), (4.61), (4.67) and
(4.68)); we have for k € {1,2} and any arbitrarily small € > 0

By ull < (14 O(a2t;1) | Houll + O(O(a,e))|Jull, a— +oc.
We proceed to estimate the first term in the right-hand side of (4.69) as a — +o0

IBnull? | Rys12ull? < a” 2t | Byl + a2 tyl| Ry 2ul
Sam 2t Houll +a” 21,1 0(a,€) ul| + a2ty [ul]

i _ o
< a7zt Y| Houll + ©(a, ) |lull,

using the fact that a~3t, = 2Va(ty)™t — 0 as @ — +oo in the last step. A sim-
ilar estimate can be derived for ||Byoul|?||Ry41.1ul|2. Applying both of them and
HRN+171u||%||RN+172u||% < a7 ?||ul| in (4.69) yields the desired result. O
Proof of Theorem 4.2. Let 0 # u € .%(R) C Dom(H) and let us write u = ug + uy + us,
where ug := ¢4 kv with k € {0,1,2} and ¢, as in (4.53). Then we have

ﬁauk - d)a,k:ﬁau + [‘7’ ¢a,k]u7 ke {Oa 1; 2}7

and therefore, noting that supp ¢q,1 N supp ¢, 2 = O and using Lemma 4.12, we obtain
as a — +00

[ Houoll < (1 + O(a™2t71) | Houll + O(O(a,€))ul, W)
| Ha (g +us)|| < (1+O(a™ 2t 1) | Hyul| + O(O(a,e))|ull,

with small € > 0 and O(a, <) as in (4.55).
Firstly, note that suppu; C 4 4+ and suppus C £, — and therefore u; L uy. More-
over, by Proposition 4.9 and Lemma 4.13, as a — +00
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Va(ta) s +ual| < [ AGHI(1+ O(elta) + a2t ) (|1 Hown |* + || Houa*) 2
< JAGHI A+ Oulta) +a™ 225 ) | Ha(ur + u2)]|
+O(a” 31| Houl + O(O(a €)Jull

Thus by (4.70), (4.6) and Lemma 4.7, we have as a — +00
Va(ta)l[ur + ua|| < [AZHI(1+ O(ulta) + a2t )| Haull + O(O(a,e))|full.  (4.71)
Secondly, since suppug N (€2, ; UQ, ) = 0, then by Proposition 4.5
alluo|| < || Hauoll, a— +oo,
and applying (4.70) and (4.6), we have as a — 400
Va(ta)lluoll < o=t | Hao| S a™ 2t [ Houl + o= 2t O(a.e)Jul . (472)
Combining (4.71) and (4.72), we find that as a« — +o0

Va(ta)llull < Va(ta) (fuoll + llur +usl)
< AZHA+ O(ulta) + a” 2t ") | Haull + O(O(a, e))]lull.

Using (4.56), we arrive at
lull < JAZHI(Va(ta)) ™ (1 + Oelta) + (a2 ta) ™) [ Houl. (4.73)

Since . (R) is a core for H and, equivalently, for H , we can extend the above estimate to
any u € Dom(H) using a standard approximation argument. The proof of the theorem
follows by an appeal to Proposition 4.10 and the use of the inverse Fourier transform to

take the result back to z-space. 0O
5. Extensions and further remarks
5.1. The norm of the resolvent inside the numerical range

A simple application of the triangle inequality allows us to obtain estimates for the
resolvent norm in regions adjacent to the imaginary and real axes as well as to include
further bounded perturbations.

In detail, for an operator H (as in Sections 3, 4), A\, u € C and a bounded operator
W, we get

I(H =X = p+Wull = [(H = Aull = |plllull = [Wlllull, u e Dom(H). — (5.1)
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In particular, for H as in Section 3 with purely imaginary V satisfying Assumption 3.1,
Theorem 3.2 and (5.1) with A =ib, 4 =a >0, W = 0 yield

I = a = ibyull = (JATE 17 (V3 (@) (1 = O(X (1)) — ) ul

as b — 4o00. Thus assuming that V2 does not grow too slowly (e.g. V4 is bounded below
by a strictly positive constant), that b is large enough and that e,¢’ > 0 are sufficiently
small, the region in the first quadrant of C (which contains the numerical range of the
operator and its spectrum, if any) determined by

0<a<[ ATk T (V@) (1 =€) &, b +oo, (5.2)

with Va(zp) = b, is non-empty and unbounded. Moreover, the resolvent satisfies ||(H —
a —ib) || < 1/¢ inside this region.

For H as in Section 4, one obtains from Theorem 4.2 and (5.1) with A = a, u = @b,
b >0, W =0 that

I = a—ibjull = (114517 Valta)(1 = O(lta) + (a2ta) #) = b) [Jul
as a — +0o. Thus the resolvent satisfies ||(H —a — ib)~1|| < 1/¢ for
0<b< A7 Valta)(1—€) —e, a— +oc. (5.3)
In both cases, bounded perturbations W can be included in an analogous way.

A more precise examination of the proof of Theorem 3.2 reveals that it is in fact
possible to estimate ||(H — A\)~!|| along curves

Ay :=a(b) +ib, b— o0, (5.4)

even outside the region determined by (5.2). Let for simplicity V' = iV5 obey Assump-
(3.15

tion 3.1 and, with p and T as defined in (3.15) and in Assumption 3.1 (iii), respectively,

let a: Ry — R satisfy

By = ()| (Ar g — ) X (3) = o(1), b= +oc, (5.5)
where
o _ald)
o =) =

In our analysis, we shall be mainly concerned with two categories of curves:
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(1) X with a(b) < VJ(x)3 for b — +o0, corresponding asymptotically to the critical
region (5.2), i.e. where py satisfies

wp S 1, b — +oo; (5.6)

(2) A, with VJ(z5)3 = o(a(b)), b — +oo, and therefore A, grows away from the critical
region, i.e. where pu; satisfies

p — +00, b — +oo. (5.7)

Note that, in the first case, we have ®, = O(Y(z3)) due to the fact that [|(A; /2 —2) 7|
is bounded on compact sets in C and therefore, by Assumption 3.1 (iii), condition (5.5)
holds automatically.

We further observe that, for any z € C, it can be shown that [(A;z — 2)7!| =
[(A1,z — Rez)~'|| (see [21, Sec. 14.3.1]) and that there exists a precise asymptotic
estimate for z € C (see [9, Cor. 1.4])

|(Arg —Rez)~| = \/?Rez)i exp (%(Rez)i) (1+ O((Re)H))

+ (’)((Rez)_%), Rez — +o0.

(5.8)

For any p > 0, applying standard arguments it is also possible to extend the graph-norm
estimate (2.3)

(A1 = wull* + 1+ )l 2 1u”|* + lzul® + [lull®, - w € Dom(Ay,z),
and to deduce from this (see e.g. (3.21), (3.27))

||82(A1,g =)+ [(A1,z — w) oz

B B B (5.9)
+ lz(Arz — )+ (A — ) 2l S ll(Arz — )7t

Proposition 5.1. Let V = V5 satisfy Assumption 3.1, let H be the Schrodinger operator
(3.3) in L2(Ry), let \y be as in (5.4) and let (5.5) hold with p, satisfying either (5.6) or
(5.7). Then

ICH = 20) 7M1= [1(Ar g — )" (Vs (26) 75 (14 O(®y)), b — +oc. (5.10)

Sketch of proof. We shall sketch the proof of this result by closely following the steps
in Section 3.2, keeping the notation introduced there but omitting details whenever the
arguments used earlier remain valid.

Step 1

Repeating the reasoning in Proposition 3.3 (replacing Hy, with H, —a = H — Xp), we
find that for all u € Dom(H) such that suppunQ =0
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5 (V3(20))® (X))~ lull S I1(Ho — a)ull, b— +o0. (5.11)

Step 2
With f{b and Sy as in Proposition 3.4, it is clear that (recall Soo = A; 7/2)

PPUs o (Hy — a)Uy } = Sy — iy = S — i + Ry (5.12)
We shall prove next that gy € p(Sy) as b — +oo. For any up, > 0, the operator

Kpoo =1 — St = S:H(Soo — t6) = (Soo — ) S5 is bounded and invertible and
moreover by (5.9) we have

15 oIl < (o)l (Soo — 1)~ (5.13)

Recalling from Proposition 3.4 that 0 € p(Sp) for large enough b and defining K, :=
I— ungl = S;l(Sb —1p) = (Sp — ub)S’gl, we find

Ky = Kpoo(I = oI o (S5 = S1).
Moreover, by (5.13), (3.24) and (5.5), we have
i Koo (S = SIS @y =0(1), b — +cc.
It follows that K is invertible and || K, || < ||K;;Q|| as b — 4-o00. Since Sy —pup = KpSp =
SpKp, we conclude that p, € p(Sy) for b — +o00, as claimed. Moreover, (S, — pp)~! =

S, K, =K, NS, ! and, using (3.23), (3.27) and (5.13), we deduce as b — 400

(S = ) =M+ (S5 = ) =+ 1102(Sb — 1) ™M S (o)l (Soe — ) I (5.14)

Furthermore, we have

((Sh = p16) ™" = (Soo = 5) ™)Ky = Sy " — (oo — 116) ' K
=S, = (Soo — t15) " (Epoo — 1(Sy = S31)
= Syt = S+ (Soo — 1) NS, = SN

= K, (S, =S,
Hence

(S — ) ™" = (Soo — ) ™" = K, (S, = STHK, !, b— +oo,

o0

and therefore by (3.24) and (5.13) and using the fact that u, satisfies (5.6) or (5.7)

1Sy = 1) ™ = (Soo = 1) 711 S () [1(Soe — 15) ~H P L (a3)

S
SN(So0 — 1) M| @, b — oo
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It follows that
10y = 116) "l = 11(Seo — 1) "HI(1+ O(®p)), b — oo, (5.15)

and hence from (5.12) as b — +00

P2 N(Hy = a) M = 1(Ss = ) "Ml = [1(Soo = 1) THI (L + O()).

Arguing as in the last stage of Proposition 3.4, this yields as b — +oo

1(Soe — ) 111 (Ve (23)) F (1 — O(@y))
(5.16)

< inf{w : 0# u € Dom(H), suppu C Qb}.
u

Step 3
We follow the proof of Proposition 3.5, replacing Sy with S, — up, to find g, €
Dom((S; — 1s)(Se — pp)) such that

1Sy = po)goll = 5 = 1Sy — o) 7 b= +o0.
Moreover, with ¢, oo := ||(See — ) ||, we have (see (5.15))
S = Sboo(1 +O(Pp)), b — +00. (5.17)
Recalling the cut-off functions 1, we write

(Sp — o) ¥Vugs = (Sb — ) g + (Yo — 1)(Sp — 116) g + [Sb, Yol gn

and, applying (5.14) and (5.17) (refer also to (3.28) and (3.29)), we deduce

(s = 1)(Sb — 1) gnll S 11(whp = 1)z loo (S5 — 16) (S5 — 1) (Sb — p10) gl
S () (1) S o
1[0, Yolgnll S 1405 Moo [0 (Sb = 1) =" (Sb = 1) gs |l + 1194 llsc | 90l
S T () (o) + Y()* S T () (20)

as b — +oo. Hence, noting that ¢, » is bounded below by a positive constant when
wy € R4, we have

1(Ss — o) Psgsll = o5 * + O(sy 0 @), b — +00.

Similarly [|¥pgs] =1+ (’)(gl:ioi)b) as b — 400 and consequently
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[(Sy — p)wgell 1
lUbgs || Sb,o0

= O(5.5.®s), b — +o0.

As before, we set uy := Ub_’jwbgb € Dom(H). Then supp up C € and

[(Hp — a)us||

] = 11(Sso — o) "M (V2 (23)) 3 (1 + O(Dy)), b — +o0. (5.18)

Step 4
Repeating the commutator calculations in the proof of Lemma 3.6 for Hy — a, we find
for all w € Dom(H) and k € {0,1}

Re((Hy — a)u, py5u) = 2Re(dy pu, ¢y pu) + |64 1u'|I* — al|dh, ull?

which we use to estimate (with small £ > 0 and b — +00)

1 1 1 1 1
g 'l S I(Hy — a)ull= l[@h5ull> + 6 xu'lI2 105 xull> + a2 |6 gull
< Yao) | (Hy — ayull + a3 (T(a) ™ lull + ell gy pu'l| + e~ 23" |Jull
1
+azzyflul =

16/ l| S (o)l (Ho = a)ul + (@3* (Y (x3)) ™" + apa?)|ul.
Hence
[y — a, doxull S C(@o)ll(Hy — a)ull + (23" (Y ()~ +afa?)|Jul, b— +oo,
Then for any u € Dom(H), u = ug + u1, we have for k € {0,1}
(Hy — a)ur = ¢p1(Hy — a)u+ [Hy — a, ¢oi]u,
and therefore as b — +o0
I(Hp = a)ug]| < (14O (C(ao)) || (Hy — a)ul| + O(a3” (T(wy)) " + afa?)||ul.

As in the proof of Theorem 3.2, we separately consider uy, suppu; C p, and uy,
supp up N Q) = 0, respectively applying (5.16) and (5.11)

| < 11(Soe = 1) ™M1 (Vi ()75 (1 4+ O(®3) | (Hy — a)uu |
< 11(Soe = 1) ™M (Vs ()75 (1 + O(®)) | (Hy — a)ull + O(@)fu]
luoll S (Vs (6)) ™5 X () | (Hy — a)uo

< (V3 ()30 () | (Hy, — a)ua + () *(1+ g )
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as b — +o00. Combining these estimates, we get as b — +o00

l[ull < fluoll + [[uall

< [1(Soe = 1) ™M1 (V3 () 75 (1 + O(®@)) | (Hy — a)ull + O(@)]Jull,

and hence
leell < 11(So0 = p16) 7 [[(V3 ()5 (1 4+ O() || (Hy — a)ul|, b — +o0,
This last inequality and (5.18) yield (5.10). O

We remark that it is possible to carry out a similar analysis for ||(H — A,) |, with
Ao := a+ib(a), a > 0, adapting the reasoning in Section 4, but we shall not pursue this
any further here.

We conclude this subsection with a general construction for the level curves of the
resolvent (some examples will be shown in Section 7). Letting ¢, := ul;% (A1, z — )M,
we note (see (5.8)) that ¢, — 400 as pp — +00, i.e. when A, lies outside the region
(5.2). Applying (5.8) again, we find

4 3 4 3 4 /2
guzf exp (gﬂﬁ) = g\/;Cb(l +0(1)), b— +oo.

The above equation can be rewritten as

4 3 4 /2
§M§ =Wy (5\/;@(1 + 0(1))> . b— 4oo,

where Wy(x) is the Lambert function that solves yexp(y) = x for > 0. Although
Wo(x) cannot be written in terms of elementary functions, the following bounds have
been found for x € [e, 00) (see [22, Thm. 2.7])

1 logl log 1
logz —loglogx + = 08 ngSWO(x)glogm—loglogx+ € loglogx

2 logx e—1 logx

and thus we deduce

o= (3) Gorltans = ) DFA+ o). b o

From (5.10), we have |[(Ay,z — )"t = p72(|(H — X)) ~*[|(1 4 o(1)) and hence

Mo = (%) 3 (log(p™2||(H — )\b)—1”>)§(1 +o(1)), b—s +oo.
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Substituting ||[(H — Ay) || = 7!, with € > 0, we obtain

2
3\ 3
a= <4> p2(log(p~ 2715 (1 4 0(1)), b— 4o0. (5.19)
We remark that as expected formula (5.19) indicates that the level curves of a sub-linear
potential (where p=2 — 0 as b — +o00) will cross the imaginary axis into C_.

5.2. Optimality of the pseudomode construction in [26]

In this paper, the curves in C along which the norm of the resolvent diverges are
found by a non-semi-classical pseudomode construction. As a corollary of (5.2), using
Assumption 3.1 (ii), we find that for any € > 0, the norm of the resolvent is uniformly
bounded inside the region determined by a < b§x§V — e. This shows that the lower edge
(i.e. the left-hand side) of the condition [26, Eq. (5.5)] is optimal.

Similarly using (5.3) we obtain optimality of the upper edge of the condition [26,
Eq. (5.5)] (with ¥ = —1). Denoting the regular variation index of V2 by 5 > 0, we obtain
from (4.6) and (2.7) that

1 1

te = (2a7) T L(t,) T8 (5.20)
Hence, recalling that t, — +00 as a — +0o and using (2.9), we get (with any v > 0)

1

(2a2)T48 77 < t, < (2a%)ﬁ+7, a — +o0. (5.21)
Similarly from V(xp) = b we arrive at (with any v > 0)
b5 <y <bFYY. b too. (5.22)

Then, using (5.20), inequality (5.3) can be rewritten as (the constant Cg . > 0 can be
given explicitly)

YN

a>Cpo(b+e) 5 L(t,)~ (5.23)

Finally, employing (5.20), (5.21) and (5.22), the condition (5.23) is satisfied if a 2, b2x§_7/
with some «/ > 0 which complements [26, Eq. (5.5)].

5.3. Extension of Theorem 3.2 to operators in L*(R)

We outline a procedure to extend Theorem 3.2 to operators defined on the real line.

Assumption 5.2. Suppose that V := iVs with Vo : R = R, Vo € L (R)NC?((—o00, —z0)U

(20, 00)) for some zo > 0 and let Vo + := Vaxgr,, Vi := Vs 4. Assume further that the
following conditions are satisfied:
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(i) V4 is unbounded and eventually increasing (in R )/decreasing (in R_):

Igr}rloo Vo (z) =400, Vy, (x)>0, x>,

lim Vo_(x) =400, V,_(2)<0, z<—wx;
T—r—00 ’
(ii) Va has controlled derivatives: there exist vy, v_ € [—1,4+00) such that
Vo (@) = Vo i (2) 2%, Vol ()] S Vo o (2) 2™, T > g,

Vo (@)~ Vo (2) |z, Vol (@) S Vo (@) |2, @< —x;

(iii) Va grows sufficiently fast: we have

where

m”+(V2’)+(x))_% T > g,

T(z) := | (5.24)
"= |[V3 _(2)]75, @ < —z0.
With V satisfying Assumption 5.2, we consider the Schrédinger operator
H=-0?+V, Dom(H)=W?2*R)NDom(V) (5.25)

in L2(R) (refer to Section 2.2 for details). Moreover, for sufficiently large b > 0, we define
the turning points zp 4+ by

Vo(zpa) =0, with x4 > o, xp— < —o. (5.26)

In the following, we use the notation max{at} := max{ai,a_}, min{ar} :=
min{ay,a_}.

Proposition 5.3. Let V' satisfy Assumption 5.2, let H be the Schrodinger operator (5.25)
in L*(R) and let Ay /o be the Airy operator (2.2). Let b, zp + be as in (5.26) and let T
be as in (5.24). Then as b — +o0

g _ _2
I(H —ib) || = [|AT 5 [ max{|V3 o (zp,4)| 3} (1 + O(max{Y(zp,4)}))-
Sketch of proof. To justify the above claim, we introduce a partition of unity. For 6 4 :=

Slap,+£| 7%, 0 < § < 1/4, with b large enough so that z, 4 —28, + > zp and z, — +20, — <
—x0, let @b, ¢p,+ € CC(R), 0 < ¢y 0, dp,+ < 1, satisfying
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Go+ () =1, & € [wp4 — bb4,00), supp @y, + C [zp,+ — 2064, 00),
(bb,—(x) = 17 T e (—Oo,l'b7_ + 6177—]? supp ¢b - C (—OO,.Tb7_ + 261)7—]7
(bb,O =1- ((bb,Jr + (bb,*)? ||¢ HOO ~ b:l;a ] € {172}

For convenience, we shall denote oy + = |V2’7i(:cb,i)\*%, Yo+ = O(T(xp4)), Apx =
ap+(1+v,+) and Hy, = H — ib. For u € Dom(H), we write u = ug + u4+ + u_, with
up = PpoU, Ut := ¢p +u, and introduce the operators in L?(R4)

Hy=—8?+Vy, Dom(Hi)=W2>»?Ry)NWs?(Rs)N Dom(Va).
Since V. satisfies Assumption 3.1 and uy € Dom(H ), we have by (3.39)
[Hyus | = I(Hy — sl > [ATL I 05k (U= pi)lusl, b 400, (5.27)
Moreover, with the isometry (Uu)(x) := u(—=z) in L?(R), it is easy to see
|yl 2 IATE I ag (1= )llull, b — +oo. (5.25)
Since uy L u_ and Hyu, | Hyu_ in L%, by combining (5.27) and (5.28) we find

g +ul* = Jlu | + flu-l* < JA7F 25 [ Hyus |* + A7 | Hyu|?)

= || AT 2 1P Ho (A w4+ Ay, —u )|
and therefore
AT % HHy (Ap, s+ Ap—us)|| = [fusg +u]|. (5.29)

Since supp ug C [zp,— +0p,—, Tp,+ — Op,+], then arguing as in Proposition 3.3 we deduce
that for large enough b

(IV2 = blug, uo) < || Hyuoll[[uol|-
It follows that for = € [z, — + 0p,—, zp, + — O, 4| and sufficiently large b
[Va(z) — b| 2 min{|Vy o (xp,+)[0p+} ~ D,
reasoning as in the proof of Proposition 3.3 and applying Assumption 5.2 (ii). Hence
b~ Hyuoll Z |luoll, b — +oc. (5.30)

Furthermore, arguing as in the proof of (3.32), we are able to derive upper estimates
as b — +oo
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([ Ho(Ap,+ust + Ap,—u_)||
= || Hp(Ap,+ Op,+ + Ao, — b, )u|
< |[(Ap,+ B+ + Ao, o, ) Hypull + 2[[(Ap 4+ 8y 4 + M-y, )|
+ [[(Ap,4- By 4 + Ao~y )|
< max{Ay 4 HHpul| + (Ao, 47,4+ + Ao~ v, ) [ Hpu|

W, _
+ (Mo 2y 7, 4+ Ao [ 1)l

(5.31)

+ (Mgt 2y + Ao |y, — 2 |Jul

< max{Ap 1+ } (L + 75,4+ + v, ) [ Hyull + (95,4 + 5, ) [|ul]

and

[ Hyuoll = [ Hogvoull < llép,0Holl + 2ll¢p 0t || + [0t oul
2
< [Hyull + (2 + |, =) ull-

By Assumption 5.2 (i), we have b~' & ay, 4, +, and therefore
b~ [ Hyuoll < b~ [ Hyull + (v 4 + 7. ) lull- (5.32)

Combining the lower and upper estimates (5.29), (5.30), (5.31) and (5.32) and noting
as above b~! ~ aj 1, +, we have as b — +00

[ull < fluoll + [lug +u—]]

< (147 % lmax{ A+ (1 + 76,4 +9.-) + OO~ [ Hyull + (vo.+ +.-) ul

< [1AT % [l max{ap,+ }(1 + 7o+ + Yo, )1 Hyull + (o4 + 76,-) |1l
Hence, by Assumption 5.2 (iii), for any u € Dom(H) we obtain
1, | < (1A 5 | max{op 4 }(1 + O(max{Y (zp,1)})), b +oc.

If max{ap+} = ap+, using Proposition 3.5 we can find a family of functions wu, €
Dom(H) such that as b — 400

llupll = 1A 5 o+ (1 + 76,4 ) | Hyus |
and it therefore follows as b — +oo
1H, | = | A7 % [ max{ap+ } (1 — O(max{T (zp,+)}))-

We can similarly argue when max{ay +} =y _. O
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Our strategy to prove Theorem 3.2 can be re-deployed, with minimal and obvious
changes, when Assumption 5.2 (i) is replaced with

lim Vp 4 (x) =+o0, Vi, (x)>0, x>,

T—r+00

lim Vo _(z) =—o0, Vi (2)>0, z< -z

Tr—r—00

and Va 4 (zp,4) = b, Vo (x5 —) = —D, to prove that as b — +oo

2

ICH = i) = AT (i (ena)) P (14 O(C(@pn)),  (5.39)
where we have used the fact that Ay _r/» = A7 _, and therefore ||A;£W/2|| = ||A1_}r/2||
One can analogously treat the case where the potential is bounded on one of the half-lines

and unbounded on the other one.
Finally, without going into details, we remark that our analysis for general curves
in the numerical range (see Subsection 5.1) can be extended, using the above method-
ology, to the whole line. For example, with V satisfying Assumption 5.2, and py =

V(2 4)| 73, s = pra, ®ox = (pp4)? /(A1 x/2 — pp,4) | T (2p,+), and assuming
D+ =0(1), b— 400,
we find as b = 400
ICH = 2) 7| = max{[[(Ar,5 — po,2) "M IIV3 (20,4)| 7311 + O(®p,4)).
5.4. Extension of Theorem /.2 to operators in L*(R.)

We briefly indicate how Theorem 4.2 can be adapted for operators Hy = —92 +V, in
L?(R.) subject to a Dirichlet boundary condition at 0 and with V. := iVs ; satisfying
the conditions in Assumption 4.1 for > 0. The even extension V5 of V5 4 to R, and the
corresponding complex potential V' := iV5, satisfy Assumption 4.1 up to a possible lack of
smoothness at 0, which can however be removed by a compactly supported perturbation
W, similarly as in Subsection 5.1. Then Theorem 4.2 can be applied to H = —92 +V in
L?(R). Since the odd extension of each u; € Dom(H) belongs to Dom(H) and for each
odd u € Dom(H), we have (Hu)r, = H(u)r, , we arrive at the desired inequality for
any uy € Dom(H,) (see (4.73) in the proof of Theorem 4.2)

_ _ 1
4G (Vo (1)) THL + O(ulta) + (a2 ta) " HEDIN(H — @)us]| > [lus].
5.5. Extension of Theorem 3.2 to radial operators
Let v : R, — R and consider the Schrodinger operator in L2(R9) with d > 2

H=—-A+iv(|z]), Dom(H)=W?2»%R?%) NnDom(v(]-])). (5.34)
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We justify below that the claim of Theorem 3.2 remains valid in this case; a relatively
small real part of the potential (in the sense of Assumption 3.1) can be added in a
straightforward way but we omit the details.

Proposition 5.4. Let H be the radial Schrodinger operator in L*(R%) as in (5.34) with
d > 2 and with v such that V :=iv satisfies Assumption 3.1. Then

ICH = ib) M| = A5 [0/ ()75 (14 O (Y(@))), b — o0,
where xp > 0 is defined by the equation v(xy) = b for all sufficiently large b.

Sketch of proof. The first step of the proof (see Section 3.2.1) can be performed in the
same way using the multidimensional operator H, i.e. we split R? into O ={ze R4 :
||z| — xp| < 0p}, with 0, = dx, ", and the rest.

In the second step (see Section 3.2.2), we decompose H — ib in a standard way into a
countable family (labelled by I € N) of one-dimensional operators in L*(R )

1
Hy, = -0+ % +i(v(r) —v(zp)), ca=11+d-2)+ 1(d —1)(d—-3)

with appropriate domains (see e.g. [34, Chap. 18] for details)). The challenge is to obtain
suitable estimates for all [ € Ny and all b > by with by independent of [.

Following the same procedure (in particular shift and scaling and using the fact that
suppu C §2p) as in Section 3.2.2, we arrive at operators in L?(R)

Spp=A+ N+ (Toy — Noa)xa,, + B, b>0, 1€ N,
where p := v/ (25) 75, Q. i= (—205p~ ", 20,07 1),

B cLap? 10" (8px + xp)

A:=-9%+i T, = R — s 2
L Aix, Ty (o + 1)? b() ) " Xe,, ()
with 0 < § <1 (see (3.16)) and
2 2
. Cl,dp T (l’b)
Ab,i = z2 = Cd o:i”” .

Note that for a fixed [ € Ng, Ap; — 0 as b — 400 and that A\,; > 0 for all I > I € Ny
(Ig can be set to 0 for d > 2 and to 1 for d = 2) and all large b.

An important observation is that the graph norm of A satisfies (uniformly for all I > I,
and all large b)

(A + Ao )ull + [lull 2 lla" | + llzull + Ao llull + Jull,  w € Dom(A). (5.35)

To see this, it is enough to note
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1A+ Xo.)ull® = [|Aul® + X3 [Jull* + 2l

and to apply (2.3). This equation also shows that ||(A 4+ \p)ul > ||[(A + N\pr)ul| for
1 >1">1; and hence

1A+ X)) <A+ X)) Y, 1=0 214 b>0. (5.36)

Furthermore, since A\, — 0 as b — o0 and (A—2)~! is bounded on bounded sets in C,
we can find by > 0 (independent of 1) such that for all b > by we have [|(A+Xp1,) 7t < 1.
It follows from (5.36) that [|(A+ Xp;) 7Y <1 for all [ > Iy and all b > by. Note that this
last estimate combined with (5.35) implies that ||z(A + X\p;) 7Y < 1 for all [ > I; and
all b > by.

The estimates of R (see (3.18)) remain valid and we have (uniformly in [)

Ty — Ao < 0 Ty — Ao T (zp)
b1 Bop o "t b, 2o,p o ot
as b — +oo. Thus
Ty — A _ R _
Sy = (I + WXQZW}%J(A + )\b7l) 1y ?b.%‘(A + )\b7l) 1) (A4 /\b,l>-

is invertible and its graph norm is equivalent to that of A+, ; (uniformly in 7). Moreover,
by the second resolvent identity, the previous estimates and (3.18), we obtain (uniformly
in [)

1S, = (A+ X0 < 1Sy 2l Meaz) ™ (Toa — Ava)xen, , oo [ An.2 (A + Xp0) 7|
+ 1195 [l Ryl (A + Apt) |

< T(xb)xb_(H”) + Y(xp), b— +oc.

Since Ay > 0 for all [ > [ and all large b and A is m-accretive, we get
1551 = A7 (1 + O(T(x3))), b — +oo;

for finitely many [ € Ny, [ < l4, the same claim follows by treating T} ; as a perturbation.
The rest of the proof of this step is the same as the one in Section 3.2.2 and can be
reformulated as an estimate for the full operator H.

The third step (see Section 3.2.3) can be performed for S ; with a fixed ! and so it
requires only minor and straightforward adjustments.

The last step (see Section 3.2.4) is completely analogous. O
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5.6. Remarks on semi-classical operators

We indicate how the strategy of Theorem 3.2 applies in the semi-classical case for the
operator Hy, = —h?02 +V in L*(R) subject to Dirichlet boundary condition at 0 with
h >0, h— 0and V := iVa. We assume that 0 < Vo € C?(R) satisfies the conditions
in Section 2.2 so that Hj is m-accretive. Suppose in addition that =g € R is such that
V3 (x0) # 0 and there is do > 0 such that

inf  [Va(z) — Va(zo)|
o —o] >0 (5.37)
2 min{|Va(xo — d9) — Va(zo)], |[Va(xo + d0) — Va(zo)l}-

We focus on the resolvent estimate for the spectral point A = V(zg) from the range of
the potential.

In Step 1 (see Section 3.2.1), one considers functions u € Dom(H}) with suppu N
(o — O, o + 0p) = 0 with a suitably selected 6, — 0+ as h — 0. Then the quadratic
form estimate (see Proposition 3.3), Taylor’s theorem and (5.37) yield (for the considered
functions )

[(Hp = Nul| Z Onllull, h—0. (5.38)

In Step 2 (see Section 3.2.2), for functions u supported in Z := (zg — 20y, xo + 261),
taking out the factor h2, the shift  — x + xg, rescaling * — oz and Taylor’s theorem
lead to operators in L?(R)

V/I
Ty =02 (—8% +ih 203V (w0)x + ih_2#04$2)(1a (ox + xo)) ,

with Z, := (—=26,071,26,071). Selecting o so that 02h=2 = 1, we obtain
Ty, = h™3 (=02 + iV (xo)z + Wi (),
where |[W;|| = O(h~362) as h — 0. Hence choosing 6, = h3¢ with & > 0, we readily
obtain the norm resolvent convergence to the Airy operator A, g, with r = |V5 ()| and
0 = sgn(Vy(xo))m/2, see Section 2.3,
h3Ty, — —02 +iVy(zo)x, h — 0. (5.39)
Thus, rewriting (5.39) for Hy,, we arrive at (for the considered functions u)

I(Hn = Null > h3[AZGI7H (1 = O™ E6) [ull, b — 0. (5.40)

Following the strategy in Step 4 (see Section 3.2.4), we combine the estimates (5.38),
(5.40) above. To this end we employ a cut-off ¢ satisfying ¢(x) = 1 for = € [xg — On, 2o +
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6n], d(x) = 0 for = & (xo—26h, 20+26,) and [|¢V) | < 5;j,j = 1,2. Moreover, a simple
estimate of the quadratic form yields |[u/[|? < h™2|(Hp — Nul|||ul|, w € Dom(H}). By
following the steps in Step 4, we obtain

Iy — Al > B5 | A 371 - O(h™562))|[ull, u € Dom(Hy) (5.41)

as h — 0.
Finally, it is straightforward to adapt the reasoning in Proposition 3.5 (see Sec-
tion 3.2.3) to prove that the bound (5.41) is optimal and we omit the details.

6. An inverse problem

In [5, Thm. 1.5], the authors relate the rate of time-decay of the norm of a one-
parameter semigroup to the rate of growth of the norm of the resolvent of its generator
along the positive part of the imaginary axis. Inspired by the presentation on this topic
in [4], we consider the following problem. Which assumptions must a non-negative, un-
bounded function r : Ry — Ry satisfy for there to exist a potential iV5 such that
the Schrodinger operator H = —92 + iV; verifies ||(H — ib) 71| = 7(b) as b — +o0?
Theorem 3.2 enables us to answer this question as follows.

Proposition 6.1. Let r € CY(R ;R ) and r(y) — +00 as y — +oco. Assume furthermore
that v satisfies the following conditions as y — +00:

[riwadugyrio. (6.1)
0

[ (y) yr% w)du <1 6.2
e / (wdu 51, (6.2
ﬂ =o0(1). 6.3
foyr%(u)du S (6.3)

Vg(w)
JATL -2 / P du=c, >0, (6.4)
0

with Ay x2 as in (2.2), satisfies Assumption 3.1 with v = —1 and
IATS (V3 (@) =8 =r(), b — +oo, (6.5)

with xp as in (3.5).
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If r € CY(Ry;Ry) is regularly varying with positive index, it is eventually increasing
and it satisfies

WISyt y = oo, (6.6)
then the conditions (6.1)-(6.3) hold.

Proof. Note that (6.4) can be indeed solved as the left-hand side is an increasing function
in y := Va(x). It is immediate that V5 determined by (6.4) satisfies (6.5). Moreover such
Vs is unbounded and increasing. It remains to verify Assumptions 3.1 (ii) and (iii).
Firstly, by differentiating (6.4) and employing (6.1), we have

Vi(x)e = ~ IK 72 (u)du <1

N — 3 , T — +00.
Va(z)  yra(y) yrz(y)
Similarly using (6.1) and (6.2)
" ’ 3 d
Vil _ Wle WL e
Va(x) 2 (y) 2 (y)

Lastly, by (6.3)

ol
=<

(Va(x)™s
x foyr

As for the second statement in the Proposition, let r be regularly varying with index

— 0, x — 4o0.

B > 0 (see Section 2.4) and eventually increasing and assume furthermore that it satisfies
(6.6). From the facts that r is bounded on compact subsets of R and that it is eventually
increasing, we have as y — 400

3

foy?”%(u)du ()yo %( d’u,—i—fy 5 du< 1 +y7y0<1
yri(y) yri(y) Tyriy oy 7
Moreover, using (6.6) and the previous estimate,
3 3
r! r2 r2(
Ui i

ri(y) & yr%(y)

Finally, calling W, (t) = r(yt)/r(y), ws = t?, t > 0, and arguing as in Lemma 4.6, it is
possible to show that ||(W, —ws) X[0,1)llcc — 0 as y — +o0, and we have

() <f° <y ) du>1 (fo )? dt>_1 1

JUr2 (uydu r(y) r(y) y
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for y — +o00, as required. O

Example 6.2. A basic example of a function satisfying the conditions of Proposition 6.1
is r(y) = (y)* with @ > 0, which is regularly varying and increasing and for which
(6.6) holds. The sought-after potential satisfies Va(z) ~ 2%/ (+3%) i e. it is, as expected,
sub-linear (see also the examples in Section 7).

[e3%

Example 6.3. We remark that conditions (6.1)—(6.3) include many other rates, growing
both faster (e.g. 7(y) = exp(y®) with a > 0) and more slowly (e.g. r(y) = log(e + y) or
r(y) = loglog(e + y)). For instance, consider r(y) = exp(y*) with o > 0. The condition
(6.1) is satisfied for any increasing r. To verify (6.2), observe that integration by parts
yields, as y — 400

y y
2 Texp(3u~ 2(1— ex exp(2
Jowuyau= 2 [S2EN]" 2 ma) ferGin),, ¢ onir),
o U Yy
1 1
Hence
3 _ .
r! y)|f0yr2(u)du < y< 1ny exp(%ua)du <1y 4o
r2(y) ~ exp(3y*) ~
Finally, since
Y Y, a-1 3.« 3,
u exp(2u®) du exp(2
S TORTER St LULU. L R
max{1l,y>"1} max{1l,y*"1}
1

for the condition (6.3) we arrive at

() < max{1,y*~'} exp(3y”) =o(l), y— +o0
3 (w)du ™ exp(3y*) 7

7. Examples

We illustrate the behaviour of the norm of the resolvent in several examples where
the numerical range, Num(H ), and the spectrum, if any, lie in the first quadrant of the
complex plane. In the sequel we denote

TA) = [|(H =07

Recall that we have W()\) < 1/dist(\,Num(H)), A ¢ Num(H), thus we focus on the
behaviour of ¥(A) for A in the first quadrant only.
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7.1. Power-like potentials

Let H = —02 +i(z)P, p > 0, with Dom(H) = W2%(R) N Dom((z)?). It is routine
to verify that the assumptions of Theorems 3.2 and 4.2 (see also the extensions in Sec-
tions 5.3, 5.4) are satisfied and we thus have

U(ib) = p~ 3| AT Lilb 01+ 00 7)1+ 0B 302)))

(
=p 3 A b7 A+ 00T, b oo,
k N L 1 (71)
qj(a):2_ﬁ”A;1Ha 5?( + O(a”71))(1 + O(a"™))
T

=274 o ho T

1+ 0@ ™)), a— 4oo,
with the Airy operators Ay ;o = —02 + iz and A, = =0, + |z|P (see (2.2) and (2.5),
respectively) and

2/p, p>4, JYe+1), pz2
(1+2/p)/3, pe(0,4); \p/@p+2), pe(02);

note that, in this example, the remainder for ¥(a) is dominated by ¢(¢,) which is inde-
pendent of €.

For V(z) = iz®", n € N, we find similar formulas with improved remainder term for
the real axis (in this case, ¢(t,) = 0 and moreover we can take € =0 in (4.8))

W(ib) = (2n) 3| AL b3 2) (1 + OB~ 3 +0))), b — 4o,
e . (7.2)
U(a) = 272001 Ay la”™ =51 (14 O(a”351)),  a — +oc.

We can also derive estimates for odd potentials V(z) = iz?>"~1, n € N, along both
the positive and negative parts of the imaginary axis (see (5.33) in our closing remarks
in Section 5.3), namely as b — 400,

2n+1

W(ib) = (20— 1)7F AL b7 3T 1+ OB 55T)),  W(-ib) = w@b).  (7.3)

From (7.1), we note that, for power-like potentials with degree p > 1, U(ib) decays
progressively faster as p — +oo with limit ¥(ib) ~ b=3, the decay rate for V(z) = ief®.
As we consider potentials that grow super-exponentially, the asymptotic behaviour of
U(ib) changes, and an additional factor (a negative power of logb) comes into play (see
Example 7.3). At the other end of the range for p, as p — 0+, p < 1, we observe the
growth rate of W(ib) along the imaginary axis increasing ever faster. The transition from
power-like potentials to (more slowly growing) logarithmic ones also determines a change
in asymptotics for W(ib), with growth along the imaginary axis becoming exponential
(see Example 7.2).
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ImA=-c-ReA”/*
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Fig. 7.1. Schematic behaviour of ¥ () for operators with potentials growing at different rates. Corresponding
asymptotic estimates are provided in (7.2) with n = 1 (top left), (7.3) with n = 2 (top right), (7.1) with
p = 2/3 (bottom left) and (7.5) (bottom right). To produce the plots, we have used ||A;},,/2|‘ = |AS Y| ~
1.33377 and ||A;/13H = 1.12648, calculated using NDEigenvalues in Mathematica.

Arguing as in the closing remarks in Sub-section 5.1 (see (5.19)), we find the
level curves for the resolvent of H with potential V(z) = iz™, n € N. Note that

1, 1n—-1
p=n"3b"3n and hence

2 1 2
3N\3 2n1 b%% ?
a= (- bs n | log (14+0(1)), b— +4oo. (7.4)
€
Since we require p = o(1), we need n > 1, and, for @, = b = o(1), we must have

n < 4.

Two cases of particular interest are the operators with potentials V(z) = iz? (the
Davies operator) and V (z) = iz? (the imaginary cubic oscillator). They have been stud-
ied in detail in the literature using both semi-classical and non-semi-classical methods:
see e.g. [13,10,16,9,26] for the Davies example and [8,9,31,17] for the cubic case. The
behaviour of the norm of the resolvent for each of them is illustrated in Fig. 7.1 which
shows the regions of uniform boundedness of ¥(\) described in Sub-section 5.1 (see (5.2)
and (5.3)). Furthermore we observe that the level curves determined by (7.4) with n = 2
and n = 3 match those found using semi-classical methods in [9, Prop. 4.6, Prop. 4.2].
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We also show the behaviour of W(\) for the operator with sub-linear potential V(z) =
z<m>% in Fig. 7.1, remarking that the completeness of the eigensystem for this operator
with Dirichlet boundary conditions in L?(R ) was proved in [33].

7.2. Slowly growing potential
Let H = —9?2 + ilog(z) with Dom(H) = W22(R) N Dom(log(z)). Then
W(ib) = Ak e3P (14 O(e™3Y)),  b— +o0.

As in the sub-linear potential case, the fact that ¥()\) grows along the imaginary axis
leads to an e-shifted critical curve that intersects it at some b > 0.

7.8. Fast growing potential
Let H=—0% + ie”” with Dom(H) = W22(R) N Dom(eIQ). Then
W(ib) = 275 Ak (1675 (log b) =3 (1 + O(b75 (log ) %)), b — +oo, (7.5)

which is as before illustrated in Fig. 7.1. Since the decay of W(\) on the imaginary axis
is faster than for any polynomial potential, the region for uniform boundedness of ¥(\)
adjacent to the imaginary axis is correspondingly wider. Note that Theorem 4.2 on the
behaviour of ¥(\) for A € R is not applicable in this case, see also Fig. 7.1, and therefore
the description of the critical region next to the real axis is currently an open question
although [26, Eq. (5.5)] provides a clue as to what it may look like.

Data availability
No data was used for the research described in the article.
Appendix A. Generalised Airy operator

We analyse the following first order operator in L?(R) which we refer to as a gener-
alised Airy operator

A=-0,+W, Dom(A)={ucL*R): —u'+Wuec L*R)}. (A1)

Proposition A.1. Let W € L° (R) with ReW >0 a.e. and let A be as in (A.1). Then

loc

i) A is densely defined and m-accretive;
ii) A has a compact resolvent if

lim essinf Re W (x) = 4o0; (A.2)
N—4o0 [z]>N
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iii) the adjoint operator reads
=0, +W, Dom(A*)={ueL*R): u'+Wue L*R)};

iv) we have

AN€o,(A) <= exp /Re W(t)dt — Rez | € L*(R); (A.3)
0

hence o,(A) =0 if

lim essinf Re W (x) = 4o0. (A.4)

N—+oco z>N

Proof. i) It is clear that C°(R) C Dom(A) and therefore that A is densely defined.
Moreover, a standard cut-off argument, using a sequence u,(z) := ¢(x/n)u(x) for
0 # ¢ € CP(R) such that ¢(x) = 1if |x|] < 1 and ¢(z) = 0 if |z| > 2 and any
u € Dom(A), see e.g. [24, Lem. 3.6], shows that

Ca:={u € W"*(R) : suppu is bounded} (A.5)

is a core of A. Thus for all u € C4, we have (Au,u) = —(u',u) + (Wu,u), hence
Re(Au, u) = (Re Wu, u) = [|(Re W)2u||? > 0,
i.e. A is accretive; moreover,
2| (Re W) wl|? < || Aul® + [lul]. (A.6)
For A > 0 and u € C4, we have
A+ A ul = [l Aull? + A2[ul]? + 2A] (Re W) w2,
thus
Jull < 11 (A + ) ull.

This shows that A+ ) is injective, that (A+X)~! : Ran(A+\) — Dom(A) is bounded
and that |[(A 4+ A)~!|| < 1/A. Moreover, Ran(A4 + \) is closed.

Next we show that Ran(A + ) is dense in L?(R). Let f € C°(R) and assume that
supp f C [a,b] for some a,b € R, a < b. Elementary calculations show that

b
u(x) :ef: W(t)dt+)\m/f( )e JE W (t)dt— Aydyx oo,b)(x)

x
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solves —u' + (W + A)u = f. Furthermore, since ReW >0 and A > 0

b
Ju(w)| < elo ReW Dt /If(y)le_ o ReWOA=N qy (g ) ()
a

)

< efg” Re W (t)dt+Az ||f||L1 X(=o0,b) (l‘)

hence v € L*(R). We have thus shown C°(R) C Ran(A+ ), consequently
Ran (A + \) = L3(R), =\ € p(A) and therefore A is m-accretive.

ii) The compactness of (A + 1)~! follows from (A.2), Dom(A4) C VV&)?(R) and (A.6)
(see e.g. [21, Sections 14.2, 5.2]).

iii) By simple adjustments of the arguments to prove i), we can show that B := d/dz+W
with the maximal domain Dom(B) = {u € L?(R) : «' + Wu € L?*(R)} is m-
accretive. Moreover, for all u € C4 and v € Dom(B), we have

(Au,v) = (=, v) + (Wu,v) = (u,v") + (u, Wv) = (u, Bv),

which shows that B C A*. However, the fact that A is m-accretive implies that A*
is also m-accretive (see e.g. [19, Thm. IT1.6.6]) and therefore it must be the case that
B = A*, as claimed.

iv) If X € 0,(A), there is 0 # uy € Dom(A) such that —u) + Wuy — Auy = 0. Then uy
must have the form u,(z) = Cexp( [, W(t)dt — Az), z € R, for some C € C \ {0}.
Therefore

lux(z)| = |(j|€f; ReW(t)di-(ReN)a o c R
from which (A.3) follows. Finally, using (A.4), we obtain

TReW (t)dt
lim 7f0 © ()

= —|—OO’
xr—+00 X

thus no uy can be in L2(R). O
A.1. Separation property

Under more restrictive assumptions on W, analogous to (2.1), the graph norm of A
separates.

Proposition A.2. Let W € L (R) N CY (R \ [~z¢,70]), with some xo > 0, satisfying

loc

ReW >0 a.e., and suppose that

(i) there exist € € (0,1) and M > 0 such that

|[ReW'(z)| < e| ReW (x)]* + M, |z| > xo; (A7)
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(ii) ImV s relatively bounded w.r.t. ReW, i.e. there is Cw > 0 such that

[ImW| < Cw(ReW +1) a.e. inR. (A.8)

Then
Dom(A) = Dom(A4*) = W'?(R) N Dom(Re W) (A.9)

and we have

[Aul® + [ull* = Ca (Ilu'I* + | Re Wull* + Jul*) , v € Dom(A),

(A.10)
[A%u|® + [[uf* > Ca- (u']|* + | Re Wul® + ul”) , « € Dom(A*);

the constants Ca,Ca~ > 0 depend only on e, M, Cw and ||WXx[—z,,20]llcc-

Proof. Consider ¢ € C°((—2xg,2x0)) such that 0 < ¢ < 1 and ¢ = 1 on [—zg, x0].
We split W = Wy + Wa := (1 — )W + ¢W, where Wy € L>®(R), Wy € C'(R) and
supp W1 C (—o0, —x0] U [2g, +00). Since W € L (R) and W = (1 — o)W’ — ¢'W, the

loc

assumption (A.7) is satisfied also for W7y, possibly with a different constant M.

Let A; be the operator determined by (A.1) with potential W;. We show that the
separation (A.9) and (A.10) holds for A;. The latter remain valid for A = A; + W5 since
Wy is bounded.

For u € Ca,, see (A.5) and (A.9), integration by parts yields

[Avull® = [[o/|I + [Wru|? — 2 Re(u’, Wiu)
= ||u/[]? + [W1u||® — 2(Re(u’, Re Wyu) + Im{(u/, Tm Wyu))
= ||/||? + W1 u||* + (u,Re Wju) — 2Im(x/, Im Wiu)
> [[u/|I* + [ Re Wy + [ T Waul|* — (u, |Re Wilu) — 2[[u[[| Tm Wyul.

Using (A.7) for Wi (see remarks above), Young inequality with 6 € (0,1) and the as-
sumption (A.8) in the second step, we arrive at

[Avu]* > (1 = o) Je/[* + (1 = &) Re Wau|* = (67" = 1) Tm Wau||* — M'[lul|?
> (1= * + (1 —e = Ciy (07" = 1)) Re Wiul?
= (M + Ciy (671 = 1)) ull*.

We select 4 so that Cfy, /(1 — e+ Cfy) <8 <1, thus 1—e—Cf;, (671 — 1) > 0. Therefore
for all w € C4, (and hence for all u € Dom(A4,))

[Avul® + flull 2 lw/[I* + | Re Wi ] + [|u*.

Since the opposite inequality is immediate, we conclude with (A.9) for A; and hence for
A since W5 is bounded. The reasoning for A* is completely analogous. O
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