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ABSTRACT: In pressure-atomized sprays, the liquid droplets and the gas in the two-phase flow field may
exhibit self-similar properties, so that the spray flow as a whole may be described as self-similar. This
description is used to model the mass transfer from the droplets to the ambient gas by evaporation of the
droplet liquid. The concentration of the vapor phase is described as the solution of the related transport
equation in a self-similar form. The self-similar transform of the mass source of vapor representing the effect
of droplet evaporation is compared against profiles obtained from the Frössling correlation for the Sherwood
number as a function of the Schmidt and Reynolds numbers. The vapor concentration at the droplet surface
depends on the droplet temperature, which converges to the wet-bulb temperature determined by the local
vapor content of the ambient air and the dry-bulb air temperature. The self-similar structure of the vapor concentration field and the
respective vapor source are determined.

■ INTRODUCTION
Technical sprays are produced by the atomization of a liquid in
an ambient gaseous medium. Applications like spray
combustion, spray drying and coating, agricultural crop
spraying, and medical sprays have been, and still are,
extensively studied.1,2 Recent developments in nanotechnology
enable the utilization of engineered nanoparticles in consumer
spray products, like waterproofing sprays, and body-care
products, such as hair sprays and deodorants, to enhance the
desired effects.3 Free jet flows, potentially also with two-phase
fluid media, such as sprays, are candidates for self-similar
dynamic behavior. The subject of the present study is a self-
similar description of evaporating pressure-atomized sprays.
Self-similarity is a phenomenon, which is well-known for

flows and transport processes without imprinted length or time
scales.4 An example is the self-similar solution for the flow field
of a single-phase submerged round jet by Schlichting,5 which
was confirmed by experiments.6,7 In pressure atomization by
the ejection of a liquid into a gaseous environment, a flow field
is induced in the otherwise quiescent gas phase. Self-similar
behavior of such sprays is also known from the literature. Wu
et al.8 investigated diesel-type sprays and reported self-similar
axial velocity profiles far downstream from the nozzle exit,
where the droplets and the gas phase are assumed to be in
dynamic equilibrium. Recently it has been shown that the
progression of this type of spray flow toward an equilibrium
state also exhibits self-similarity.9 The self-similar analysis
provided an analytical description of the gas flow field and of
the rate of momentum transfer from the liquid to the gas
phase. Soltani et al.10 found self-similar regions of normalized
mean droplet velocities and normalized Sauter-mean diameters
in sprays from liquid−liquid coaxial swirl atomizers. Based on
self-similar assumptions for several characteristics of the flow
field, Cossali11 developed a one-dimensional model to predict

the rate of gas entrainment into nonevaporating full-cone
sprays. A recent experimental study by Dhivyaraja et al.12

showed dynamic similarity of the mean droplet velocities, the
Sauter-mean diameters, the liquid volume fluxes, and the
probability density functions (PDFs) of the droplet diameter in
a certain cross section, 19 nozzle diameters downstream from
the nozzle orifice, between sprays generated by pressure-swirl
atomizers in a wide range of different flow conditions. For the
theoretical description, the authors used the similarity
coordinate of the single-phase jet5 and modified it by
introducing a constant geometrical parameter of the spray.
Sprays from a pressure atomizer with off-axis liquid supply to
the nozzle, as relevant for use with consumer-type spray cans,
were studied in by Hinterbichler et al. for the self-similarity of
both the gas and the droplet flow fields.9 Three sprays of two
different liquids under different flow conditions were
examined. The liquid mass flow rates in the sprays
corresponded to the order of magnitude of many consumer
sprays. The three sprays investigated exhibited two different
values of the Weber number of the liquid flow through the
nozzle orifice, Wel, and of the liquid Ohnesorge number Ohl.
The size and two velocity components of 105 droplets at each
point of measurement in the spray flows were measured by
phase-Doppler anemometry (PDA) in cross sections at
different distances from the atomizer orifice. This method
provided a high statistical reliability of the droplet data, even at
the edges of the droplet size and velocity spectra. In the
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regions of the sprays investigated, the flow field exhibited a
momentum transfer from the liquid to the gas phase.
There is also evidence of self-similarity in sprays produced

by twin-fluid atomization. In air-assisted atomization, Li and
Shen,13 as well as Aryapadi et al.,14 showed self-similar mean
axial droplet velocity profiles. Other authors modeled the spray
as a self-similar single-phase jet with variable density, resulting
in similar scaling variables as obtained for the single-phase
case.15 In many of the studies discussed above, liquid and gas
were injected simultaneously, resulting in negligible slip
between the two phases. Thus, the cross-sectional averages
of liquid and gas momentum flow rates remain approximately
constant, endorsing self-similarity as observed for the single-
phase jet.16

In some literature, the self-similarity of evaporating sprays is
addressed. In spray flames, Karpetis and Gomez17 showed self-
similarity of the evaporation source term. Russo and Gomez18

showed self-similar axial velocity profiles in buoyancy-
dominated laminar spray flames. Kourmatzis et al.19 reported
self-similar axial velocity profiles for the two different droplet
size classes, d < 10 μm and 40 μm < d < 50 μm, in nonreacting
sprays and turbulent spray flames in the vicinity of the nozzle
exit (approximately one to ten nozzle diameters downstream
from the orifice). Additionally, they indicate self-similar
turbulence intensities deduced from the motion of the smallest
droplets (d < 10 μm). Shearer et al.20 and Faeth21 modeled
evaporating sprays in spray combustion as free submerged jets
with variable fluid density. Petranovic ́ et al.22 developed a
numerical method for simulating evaporating unsteady spray
flows with relevance for fuel injection in internal combustion
engines. The simulations yielded the time-dependent spray
geometry, the spray penetration length as a function of time,
and the radial profiles of the mixture fraction at different
distances from the injector exit.
In the present work, we focus on the flow fields of sprays

from single-fluid pressure atomization, where the motion of the
gas phase is induced by momentum transfer from the liquid
phase exclusively. Thus, the rate of liquid momentum transport
through every spray cross section decreases with an increasing
distance from the atomizer orifice, while the gas phase gains
momentum. The study extends the self-similar description of
the spray flow developed by Hinterbichler et al.,9 valid in the
region dominated by momentum transfer from the droplets to
the gas phase, deriving a self-similar description of evaporating
pressure-atomized sprays. The concept of self-similarity has
been established as a useful approach for solving partial
differential equations analytically. Its principal benefits and
limitations are discussed in much detail in the seminal review
by Barenblatt and Zel'dovich.23 Self-similar descriptions of flow
fields are attractive because they reveal deep insight into the
transport processes governing the flow, they allow for a
universal description even of complex flow, they determine

important scaling laws, e.g., for mass and momentum, and they
are computationally efficient.
In the following section, the derivation of the self-similar

description of the two-phase flow fields of the sprays is
revisited. Then, the self-similar representation of the transport
equation for the concentration of a gaseous mixture
component is derived. In this, the self-similar modeling of
the vapor source due to the droplet evaporation plays a key
role. The modeling results are discussed in view of the global
spray behavior. The paper ends with the conclusions.

■ SELF-SIMILAR MOMENTUM TRANSPORT
Self-similar momentum transport in pressure-atomized spray
flow, in the region of the sprays where momentum is
transferred from the liquid to the gas phase, i.e., with large
slip velocities between the droplets and the gas, was reported.9

The self-similar description of the gas flow field in the spray
flow, accounting for momentum transfer between the phases, is
revisited in the present section and extended to account for
self-similar mass transfer in the next section.
The flow field of the gas phase in the spray is sketched in

Figure 1. The mathematical description of the gas flow is based
on a boundary-layer approximation with a negligible azimuthal
velocity component and constant pressure throughout. The
contribution of the viscous shear stress is neglected against the
turbulent contribution, which is modeled using the Boussinesq
eddy viscosity concept. Accordingly, the two-dimensional
axisymmetric boundary-layer equations read

(1)

(2)

The gas velocity components in the axial and radial directions
are denoted by uz and ur, respectively. νt is the turbulent eddy
viscosity, assumed to be constant, and fd,z represents the
momentum source due to momentum transfer from the liquid
droplets to the gas, which couples the axial gas momentum
balance (eq 2) to the axial momentum balance of the liquid
phase.9 The latter is given by

(3)

where the subscript j denotes a droplet size class, u̅l the axial
number-mean droplet velocity and ϕ the droplet volume flux.
The ansatz for the self-similar solution for the gas phase reads

(4)

Figure 1. Flow field of an axisymmetric single-phase submerged jet. Reproduced with permission from Hinterbichler et al.9 Copyright 2020
Cambridge University Press.
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(5)

(6)

Here, η represents the self-similar coordinate and Ψ the
Stokesian stream function. f(η) and Ωz(η) denote the self-
similar shape functions of the gas flow field and the
momentum source, respectively. z0 is the virtual origin of the
flow field. The exponent α determines the curvature of lines η
= constant in the (r, z) space. The constants C and D are
required for dimensional reasons and for scaling.
Figure 2 shows instantaneous photographs of the three

sprays. Sprays resulting from a pressure atomization process
are characterized by the values of the Weber and Ohnesorge
numbers, defined as

(7)

(8)

In these definitions, Dor denotes the diameter of the atomizer
orifice, uor denotes the mass-flow mean liquid velocity through
the atomizer orifice, ρl denotes the liquid density, μl denotes
the liquid dynamic viscosity, and σ denotes the liquid surface
tension against air.
The axial and radial velocity components calculated from the

Stokesian stream function as per

(9)

(10)

satisfy the continuity eq 1. Accordingly, we transform the z-
momentum equation of the gas phase (eq 2) into the self-
similar representation

(11)

Assuming the self-similar profile of the stream function as

(12)

the self-similar form (eq 11) of the z-momentum balance
allows the self-similar shape function of the momentum source
to be determined as

(13)

Figure 2. Instantaneous photographs of (a) spray 1, (b) spray 2, and (c) spray 3. The images were acquired with a high-speed camera at a frame
rate of 10 000 frames per second, with an exposure time of 307 000−1 s per frame. The white bar corresponds to a length of 5 mm. Reproduced
with permission from Hinterbichler et al.9 Copyright 2020 Cambridge University Press.

Figure 3. (a) Universal self-similar axial gas velocity profile (eq 15). (b) Self-similar shape functions of the momentum source term (eq 13) in the
three sprays. The parameters of the self-similar description are listed in Table 1.
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Figure 3(a) depicts the self-similar shape function of the axial
gas velocity uz, which was normalized with its value at the spray
axis, i.e., at η = 0:

(14)

using eqs 9 and 12 to yield

(15)

It is bell-shaped, with the maximum at the symmetry axis, and
universal in the sprays investigated. The self-similar shape
functions of momentum source Ωz(η) are shown in Figure
3(b). They differ between the three sprays. In spray 1, a bell-
shaped curve with a maximum at the spray axis can be
observed. In sprays 2 and 3, the profiles exhibit a local
minimum at the spray axis and a local off-axis maximum. The
shapes of the profiles reflect the different regimes of
atomization. In spray 1, at a lower Weber number, the conical
sheet emerging from the orifice is not fully open, which
corresponds to the so-called tulip-stage atomization regime. In
the two other sprays, the sheet is open, which leads to finer
atomization and a larger concentration of liquid mass and
momentum at the location of the liquid sheet. This is indicated
by the off-axis maxima of the profiles shown in Figure 3(b).
The gas-phase momentum flow rate through every cross

section z = constant increases with the axial distance from the
atomizer due to the momentum source in eq 2. Its axial scaling
can by derived with the self-similar description of the gas flow
field from the general definition of the axial gas momentum
flow rate

(16)

Here, ρ represents the gas density. Using the velocity data
measured by PDA, the values of the parameters z0, α, C, and D
are determined by a best fit of the experimentally measured
axial variation of the centerline velocity uz,0(z) and the
momentum flow rate to the z-dependencies in eqs 14 and
16, respectively, and by enforcing the experimentally measured
normalized velocities uz/uz,0 = const. along η = D r/(z − z0)α =
const. to comply with the self-similarity of the profiles of uz/
uz,0. The values of the model parameters reported by
Hinterbichler et al.9 are listed in Table 1, together with the
liquid flow conditions of the three sprays investigated. The
exponent α ≈ 2/3 for all of the cases. The spray flows are
characterized by the liquid Weber and Ohnesorge numbers.
For sprays 1 and 2, demineralized water was used as the test
liquid. Spray 3 used a mixture of ethanol and demineralized
water with 10 mass percent of ethanol, thus modifying the
liquid viscosity to allow for a different Ohnesorge number,
while keeping the Weber number constant.
With the values of α < 1 listed in Table 1, the global gas

momentum flow rate increases with z. Its axial evolution in the
three sprays is depicted in Figure 4(a). Similar to the global gas
momentum flow rate, the gas mass flow rate, ṁ, can be derived
from a self-similar description. It is defined as

(17)

It is interesting to note that the exponent α does not appear in
eq 17. This implies that the axial dependency of the mass flow
rate, ṁ ∝ (z − z0), does not change with the value in the
exponent of the axial dependency of the gas momentum flow
rate, , for all types of flow described by eq
11. This observation is independent of the mathematical
solution for the self-similar shape functions f(η) and Ωz(η).
The axial evolution of the gas mass flow rate (eq 17) is
depicted in Figure 4(b) for the three sprays.

■ MASS TRANSPORT
For evaporating sprays, the transport equations governing the
flow field are extended by including the equation for the
transport of the evaporating species mass in the gas phase. The
self-similar form of this transport equation is again derived
from the boundary-layer theory. A source term accounts for
the transfer of the evaporating species into the gas flow field. In
the modeling of the rate of mass transfer, the spray droplet
temperature is treated as variable, accounting for heat transfer
between the spray droplets and the ambient gaseous medium
and the related cooling effect for the droplets. The thermal
energy balance for the ambient gas is omitted, however,
treating its temperature as constant.
Self-Similar Mass Transport Equation. The analysis of

self-similar spray flow with account for momentum transfer
from the droplet to the gas phase, as reported in ref 9 and
revisited in the previous section, is presently extended to
describe mass transport of the evaporating species in the gas
phase of an evaporating spray. Based on the boundary-layer
approximation, the transport of the vapor component mass
concentration ρi at steady state is described in axisymmetric
cylindrical form as

(18)

The effective turbulent diffusion coefficient is assumed to
have a constant value throughout the flow field. The term Si
denotes the vapor source due to the evaporation of the spray
droplets. Assuming the net rate of production of vapor to be
small, we base our analysis on the following assumptions: The
presence of the vapor component i does not influence the
physical properties ρ and ν of the gas flow field and, therefore,
does not change the velocity field determined by eqs 1 and 2;
the change of the droplet temperature due to the droplet

Table 1. Model Parameters Reported in Hinterbichler et al.9

spray 1 spray 2 spray 3

ṁl (g/s) 2.00 2.92 2.45
Wel 1395 2974 2921
Ohl 0.0059 0.0059 0.0099
α 0.66 0.71 0.65
z0 (mm) −2.2 −14.8 −3.1
C (m2/s) 0.0033 0.0051 0.0070
D (mα−1) 21.9 18.5 17.3
νt (mm2/s) 120νa 150ν 165ν

aν = 15.4 mm2/s denotes the kinematic viscosity of air at 20 °C. The
nozzle diameter Dor was 0.4 mm.
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evaporation is accounted for, i.e., the cooling of the droplets,
making their temperature converge to the wet-bulb temper-
ature, enters the analysis. The value of the wet-bulb
temperature is determined by the dry-bulb temperature and
the vapor content of the gaseous medium ambient to the
droplet. The cooling of the gas phase is not included in the
analysis, treating the gas temperature as constant. This

assumption requires a sufficiently low rate of spray droplet
evaporation, as realized in the present experiments.
For transforming the transport equation 18 into the self-

similar form, we introduce the ansatz for the vapor
concentration ρi reading

(19)

Figure 4. (a) Axial evolution of the gas momentum flow rate according to eq 16. (b) Linear increase of the gas mass flow rate calculated by eq 17.
The parameters of the self-similar description for the three sprays are given in Table 1.

Figure 5. Self-similar vapor concentration profiles obtained from eq 28 for (a) β = 0.7 and (b) Sct = 1 in spray 2. To calculate Θ(η), the self-similar
shape function of the vapor source Φi(η) is set equal to the self-similar shape function of the momentum source (eq 13). The dashed red line
represents the self-similar axial gas velocity profile (eq 15).

Figure 6. Self-similar normalized vapor concentration fields (ρi − ρi,∞)/F in the meridional r, z plane of spray 2 (a) for β = 1 − 2α = −0.42 and (b)
for β = 0.4. The evaluation of the field is based on the self-similar shape function of the vapor source Φi(η) set equal to the self-similar shape
function of the momentum source (eq 13).
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where ρi,∞ is the vapor concentration in the far field (η → ∞).
The symbol t(z) denotes a scaling function, and Θ(η)
represents the self-similar vapor concentration. Introducing
eq 19 into eq 18 yields

(20)

where the prime denotes the derivative with respect to z for
t(z), and with respect to η for f(η) and Θ(η). For eq 20 to
become an ordinary differential equation, independent of z, we
require

(21)

resulting in

(22)

with the two, yet unknown, constants E and F. Moreover, for
self-similarity of the transport eq 20, we require the vapor
source term Si to be of the form

(23)

where Φi(η) denotes the yet unknown self-similar shape
function of the vapor source. For convenience, we introduce
the constant exponent

(24)

Thus, the ansatz for the vapor concentration (eq 19) and the
vapor source (eq 23) turn into

(25)

(26)

The constant F is required for dimensional reasons. The
exponent β determines the axial scaling of the vapor
concentration field and the vapor source. Introducing the
turbulent Schmidt number

(27)

the self-similar transport eq 20 becomes

(28)

With β = 1 and Φi = 0, eq 28 reduces to the well-known
transport equation of the single-phase round jet.24 The
solution of eq 28 is subject to two boundary conditions. We
formulate them using the symmetry of the problem and the
vapor concentration in the far field

(29)

(30)

Knowledge of the exponent β, the constant F, the turbulent
Schmidt number Sct, and the self-similar shape function of the
vapor source Φi is required to determine the self-similar vapor
concentration profile Θ(η) from eq 28. For the turbulent
Schmidt number, Tominaga and Stathopoulos25 suggest a
value of Sct = 0.9 in turbulent single-phase free shear flow. The
exponent β relates to the global mass flow rate of the vapor
component i as per

(31)

Since the evaporating spray droplets continuously introduce
vapor into the gas phase, it is expected that the vapor mass flow
rate ṁi through the spray cross section increases with the z
coordinate in the flow field. For the derivative di/dz to be
positive, we expect that the value of β > −1. To determine the
exact values of the model parameters, data from experiments or
simulations on the vapor concentration field in such spray
flows is required. Experiments could yield the vapor
concentration field in meridional sections in the sprays, e.g.,
by LIF, with a fluorescent evaporating species, such as acetone.
On the other hand, simulations would need to provide the
vapor concentration field inside and outside the spray flow
field. The data from these results could be the basis for the
determination of the self-similar model parameters. With
information on the local concentration field ρi(r, z), the self-
similar behavior may be verified, and the parameters β and F,
as well as the self-similar concentration profile Θ(η) may be
determined. Furthermore, from eq 28 the shape of the vapor
source Φi(η) may then be determined and compared to the
modeling or simulation data. The PDA measurement data at
hand, however, do not allow this. The validation will therefore
be the subject of future studies.
Instead, as a parameter study, we determine self-similar

concentration profiles from eq 28 for different values of the

Figure 7. Coefficient F in the self-similar ansatz for the vapor
concentration field as a function of the exponent β for spray 2 from ref
9 at varying ambient air relative humidity, with the constant air
temperature T∞ = 20° C.

Table 2. Exponent β and Coefficient F in the Self-Similar
Description of the Vapor Concentration in the Spray Flow
Field at the Relative Ambient Air Relative Humidity of 30%

spray 1 spray 2 spray 3

β 0.06 0.09 0.14
F [kg/m3+β] 0.0151 0.0365 0.0360
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relevant parameters. For this purpose, we assume the self-
similar shape function of the vapor source, Φi(η), to be equal
to the self-similar shape function of the momentum source (eq
13, i.e., Φi(η) := Ωz(η), hypothesizing that low transfer of
momentum from the liquid to the gas phase equivalently
translates into low mass transfer due to the droplet
evaporation. The low mass transfer rate justifies that, despite
the droplet evaporation, the physical properties of the gas
phase are treated as constant. In Figure 5, self-similar
concentration profiles as solutions of eq 28 are exemplarily
depicted (a) for various values of Sct, keeping the exponent β
constant at the value of 0.7, and (b) for varying β, keeping the
turbulent Schmidt number constant at Sct = 1. For obtaining
these profiles, the self-similar parameters of spray 2 were used
(Table 1). As expected, a larger Schmidt number results in
narrower vapor concentration profiles. In turn, larger values of
β reflect a stronger increase in the vapor mass flow rate (eq 31)
with increasing z distance from the nozzle orifice, thus
resulting in wider self-similar concentration profiles. For total
analogy between mass and momentum transfer (Φi(η) =
Ωz(η), β = 1 − 2α, and Sct = 1), the obtained concentration
profile collapses with the self-similar axial gas velocity profile.
The latter is depicted by the dashed red lines in Figure 5. Cases
with values of Sct less than unity exhibit concentration profiles
that are flatter than the ones shown.

Evaluating the self-similar concentration profile for specific
values of the exponent β, and normalizing the results with the
coefficient F, yields the results shown in Figure 6(a),(b) for a
negative and a positive value of β in spray 2. The negative value
equals 1−2α and, therefore, represents a full analogy with the
momentum transport. The turbulent Schmidt number Sct = 1.
The self-similar field is turned into a representation in the r, z
plane. It is seen that, at a given downstream position, the larger
value of β produces a wider radial extension of the vapor field
than the smaller one, representing the higher intensity of
evaporation in this case. At the higher evaporation rate, the
vapor accumulates around the spray symmetry axis with
increasing downstream coordinate, since it is not fast enough
transported away radially from the spray axis.
Modeling of the Vapor Source. A method is proposed to

determine the scaling behavior of the vapor source Si, which is
due to the evaporation of the spray droplets. The source is
composed from the contributions by all the spray droplets of
different size. A fit of the equation for Si to the scaling law
required for self-similarity will allow values of parameters F and
β to be determined.
The contribution to the vapor source from a spray droplet of

size dj, i.e., its evaporation rate, is

(32)

Figure 8. Vapor source Si according to the self-similar description and from the single-droplet model on the symmetry axes of (a) spray 1, (b) spray
2, and (c) spray 3 at the ambient air relative humidity of 30%.
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with the mass transfer coefficient kj, the vapor concentration
ρi,s,j at the surface of the droplet, and the vapor concentration
ρi in the air ambient to the droplet, outside the concentration
boundary layer. The modeling of Si therefore requires
calculation of the mass transfer coefficient kj, or its nondimen-
sional equivalent, the Sherwood number Shj. For the
evaporation of individual spray droplets, the well-known
correlation by Frössling26

(33)

is suitable. In this correlation, the Reynolds number Rej of a
droplet with size dj is formed with its velocity relative to the
ambient gas phase, as given by

(34)

The self-similar solution (eq 15) of the z-momentum equation
for the gas phase is used for the velocity uz.

9 Weighting the
evaporation rate of individual droplets with the local droplet
size-dependent droplet-number concentration, as obtained
from the PDA measurement data, yields the following
expression for the vapor source

(35)

Here, dj denotes the centroid diameter of the jth droplet size
class, nj denotes the corresponding local droplet-number
concentration, Rej denotes the corresponding droplet Reynolds
number, and Sc = denotes the molecular Schmidt
number. The total number of droplet size classes is J.
Equation 35 is evaluated for locations in the spray flow field

along the symmetry axis r = 0, i.e., for η = 0. For doing this, the
evolution of the droplet size, the droplet Reynolds number,
and the vapor concentration at the droplet surface with the z
coordinate is determined. For this purpose, the axial variations
of the droplet size dj, droplet velocity uj, and droplet
temperature Tj are analytically obtained by integrating the
balance equations of the droplet mass, momentum and thermal
energy, reading

(36)

(37)

Figure 9. (Left) Vapor concentration field and (right) strength of the vapor source in the flow fields of (a) spray 1, (b) spray 2, and (c) spray 3 at
the ambient air relative humidity of 30%.
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(38)

respectively, with respect to the coordinate z along the spray
axis. This set of equations follows essentially a concept of
Abramzon and Sirignano.27 The droplet temperature Tj
obtained from eq 38 is needed for determining the vapor
concentration ρi,s,j at the droplet surface, i.e., in the saturated
state determined by the droplet temperature. This concen-
tration is calculated using the semiempirical correlation28

(39)

which approximates the analytically derived formulation by
Hyland and Wexler.29 With the specific gas constant of the
evaporating species Ri in J/(kg K) and the droplet temperature
Tj in K, the saturation concentration is obtained in kg/m3. The
self-similar ansatz (eq 25) is substituted for vapor concen-
tration ρi. Minimizing the difference between eqs 26 and 35 for
the vapor source allows a relation between the parameters β
and F to be found for given ambient air relative humidity.
In detail, rewriting the vapor source (eq 35) in the form

(40)

using the self-similar representation of the concentration
difference in the round brackets and splitting the sum on the
right-hand side into two parts, yields for a downstream position
zk on the spray axis the expression

(41)

Equating this formulation with the form eq 26 of the vapor
source at η = 0, where we define the abbreviation

, yields the equation

(42)

so that a minimization of the expression ∑k(akF − Bk)2, i.e., a
least-squares fit over all considered axial positions zk, for a
given value of the exponent β, and ambient air relative
humidity, yields the corresponding value of the coefficient F.
The results obtained for spray 2 from this study are shown in
Figure 7.
The correct pairing (β, F) of the exponent and the

coefficient is then found by requiring best agreement between
the resulting self-similar description of the vapor source and
the prediction from the single-droplet evaporation model. The
results are listed in Table 2.
The vapor source obtained by this method on the symmetry

axes of the three different sprays as given by the self-similar
approach (eq 26) and by the single-droplet evaporation model
(eq 35) may now be calculated. The results are shown in

Figure 8. The agreement achieved is excellent. This close
agreement may be attributed to the consistent use of key input
data in the single droplet evaporation model. Accordingly, the
model is supplied with the self-similar representations of the
centerline velocity uz and vapor concentration ρi, obtained
from eqs 9 and 25, respectively. Furthermore, the dilute sprays
exhibit moderate droplet evaporation rates, leaving the material
properties of both phases approximately unchanged. The
exponent β is close to a value of 0.1 in all three cases, with
slightly higher values in the sprays with the higher Weber
numbers. The same is true for the coefficient F, which varies by
about a factor of 2 between spray 1 on the one hand and sprays
2 and 3 on the other. The agreement achieved is noteworthy.
The vapor concentration and vapor source fields in the three

sprays corresponding to the fits in Figure 8 at the ambient air
relative humidity of 30% are shown in Figure 9. The droplet
evaporation intensity leads to particularly large vapor
concentrations in the shear layer produced by the hollow-
cone spray formed by liquid sheet disintegration. Correspond-
ingly, the vapor source has the high values there. The vapor
concentration fields in the sprays with the higher values of the
exponent β extend wider in the radial direction, indicating the
stronger evaporation intensity.

■ CONCLUSIONS
Based on the self-similar description of the two-phase flow field
of pressure-atomized sprays by ref 9, with the gaseous flow
field induced by momentum transfer from the liquid phase, the
heat and mass transfer from the droplets to the gas phase by
evaporation was modeled, and a self-similar description of the
transport equation for the concentration of the vapor phase
from boundary-layer theory was derived. Possible solutions for
the self-similar concentration profiles are presented and
discussed. It is found that the vapor source in the spray flow
field, which is due to the evaporation of the spray droplets, may
be modeled using a single-droplet evaporation model. The
model description turns out suitable for representing the self-
similar vapor source in the spray flow required for self-similar
description of the evaporating spray. Representation of the
evaporation behavior of three spray flows studied in our earlier
paper Hinterbichler et al.9 shows that the modeling leads to a
compatible self-similar description of both the flow and the
vapor concentration fields. For determining the self-similar
function in the vapor source, data on the vapor concentration
profiles in sprays as investigated is required. With such data
available from either experiments or detailed computational
simulations, future work will allow the source and related
model parameters to be newly determined.
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■ NOMENCLATURE

Latin Symbols
at thermal diffusivity (m2/s)
cp specific isobaric heat capacity (J/(kg K))
C model constant (m2/s)
d droplet size (m)
D model constant (mα−1)

effective diffusion coefficient (m2/s)
E constant (m2/s)
F model constant (kg/m3+β)
f(η) self-similar shape function
fd momentum source (m/s2)
hlg latent enthalpy of evaporation (J/kg)

enthalpy flow rate (J/s)
momentum flow rate (N)

J number of droplet size classes
ṁ mass flow rate (kg/s)
n droplet-number concentration (1/m3)
r radial coordinate (m)
Si vapor source (kg/(m3 s))

heat source (K/s)
t(z) scaling function (kg/m3)
T temperature (K)
ur, uz velocity components (m/s)
u0 velocity at the spray axis (m/s)
z axial coordinate (m)
z0 virtual origin (m)
Abbreviations
PDA phase-doppler anemometry
LIF laser-induced fluorescence
Greek Symbols
α, β model exponents
η self-similar coordinate
Θ(η) self-similar vapor concentration
μ dynamic viscosity (Pa s)
ν, νt kinematic and eddy viscosity (m2/s)
ρ density, concentration (kg/m3)
σ surface tension (N/m)
Φ(η) self-similar vapor source
Ψ Stokesian stream function (m3/s)
Ω(η) self-similar momentum source
Subscripts
i vapor component
j droplet size class
l liquid phase
or property at the atomizer orifice
r radial direction
s droplet surface

t turbulent
z axial direction
∞ far field
Nondimensional Groups
Le Lewis number
Oh Ohnesorge number
Pr Prandtl number
Re Reynolds number
Sc Schmidt number
We Weber number
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