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Abstract

This article examines the value distribution of Sy(f,«) := 25:1 flna) for
almost every « where N € N is ranging over a long interval and f is a 1-
periodic function with discontinuities or logarithmic singularities at rational
numbers. We show that for N in a set of positive upper density, the order of
Sn(f, @) is of Khintchine-type, unless the logarithmic singularity is symmet-
ric. Additionally, we show the asymptotic sharpness of the Denjoy—Koksma
inequality for such f, with applications in the theory of numerical integration.
Our method also leads to a generalized form of the classical Borel-Bernstein
Theorem that allows very general modularity conditions.

Keywords: diophantine approximation, metric theory of continued fractions,
irrational circle rotation, discrepancy theory, Birkhoff sums,

uniform distribution modulo 1
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1. Introduction and main results

Let f: R — R be 1-periodic with f[
our interest is

0.1) [f(x)|dx < oo and ¢g € R. In this article, the object of

N

Sv(fieq) =) flna+q)—N [ flx)dx,

(0,1)

n=1
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which is known as a Birkhoff sum of the irrational circle rotation. We consider the temporal
value distribution along a single orbit of Sy(f,«,q), that is, we fix some initial point ¢ and
a rotation parameter «, and examine the value distribution of {Sy(f,a,q): 1 < N< M}, as
M — oo for (Lebesgue-) almost every .

Since the irrational rotation together with the Lebesgue measure is an ergodic system for all
irrational o, Birkhoff’s ergodic theorem implies that for 1-periodic f € L'([0,1)) and almost
every g, we have |Sy(f, @, q)| = o(N). If the Fourier coefficients of f ~ ) _, c,e(nx) decay at
rate ¢, = O(1/n?) (which holds in particular for f € C?), then Sy(f, @, q) is bounded for almost
every aand all g € R (see [15, 20]). Thus, the interesting functions to consider are the functions
that lack smoothness, in particular functions that have discontinuities or singularities.

In this article, we examine Sy(f, a,q) where g € Q and all non-smooth points of f lie at
rational numbers. The first class of functions we define is the following (compare to, e.g. [14,
15]).

Definition 1.1 (Piecewise smooth functions with rational discontinuities). We call a
1-periodic function f: R — R a piecewise smooth function with rational discontinuities if there
existr > land 0 < x; <... <x, < 1withx; € Q,1 <i < v such that the following proper-
ties hold:

e f is differentiable on [0,1) \ {x1,...,x,}.
. f" o) extends to a function of bounded variation on [0, 1).

e There exists ani € {1,...,v} such that lims_¢ [f{x; — ) —f(x; + )] #O0.

This class of functions contains several important representatives such as the sawtooth
function f(x) = {x} — 1/2 and the local discrepancy functions with rational endpoints f(x) =
1105 ({x}) — (b —a),a,b € Q. These functions are not only of interest in Discrepancy theory
(see [7, 8, 33]), but are closely related to the theory of ‘deterministic random walks’ (see, e.g.
(1, 6]).

For these local discrepancy functions, a classical theorem of Kesten [25] shows that
|Sn(f,c,q)| is unbounded, since b — a ¢ Z + aZ for irrational «.. In addition to considering
essentially smooth f, we also examine functions with logarithmic singularities at rational num-
bers, a class of functions that falls in the framework considered in [13].

Definition 1.2 (Smooth functions with rational logarithmic singularity). We call a
1-periodic function f: R — R with f[o,l) f(x)dx =0 a smooth function with rational logar-
ithmic singularity if there exist constants cj,c; € R, a 1-periodic function #: R — R with
bounded variation on [0, 1) and x; € Q such that

o) = cilog(|lx —x1]]) + c2log({x —x1}) +¢(x), if x#x; (mod 1)
t(x), if x=x; (mod 1).
Here and throughout the paper, {.} denotes the fractional part and ||.|| denotes the distance to
the nearest integer (for a proper definition see section 2.1).
If ¢, = 0 and ¢; # 0, we call the singularity symmetric. If ¢; # 0, we call it asymmetric.

We examine the maximal and typical oscillations of Sy(f, a,¢) for Lebesgue almost every
« where g € Q and f is either of the form as in definition 1.1 or definition 1.2. Our methods
give rise to results in two different directions that are elaborated in detail below.
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1.1. Khintchine-type upper density results

Let us recall the classical Khintchine Theorem from the metric theory of Diophantine approx-
imation. If (1)(¢))4en is a non-negative sequence, and gv)(g) is decreasing, then for almost all
a, the inequality

has infinitely many integer solutions (p,q) € Z x N if and only if >, W diverges.

Such a convergence-divergence criterion, often called Khintchine-type result, appears in
many different statements that deal with the metric theory of Diophantine approximation and
the closely related theory of continued fractions. Classical results of this form are, among
others, the Borel-Bernstein Theorem (see section 2) and another theorem of Khintchine [26] on
the discrepancy of the Kronecker sequence. Recall that the discrepancy of a sequence (x,),eN
in the unit interval is defined as

1<n<N:x,€lab
Du((xhuer) = sup |1 [a,b)}]
0<a<hl N

—(b—a)|.

By [26], for an increasing function ¢ : R — R,, one has Dy((na),en) > ¥ (logN) +
log NloglogN infinitely often if and only if .~ | W = 00.

Such a Khintchine-type behaviour was also discovered for a certain Birkhoff sum arising
from the logarithm of the Sudler product levzl 2|sin(7 rar)|. The analysis of this product led
to many interesting developments in various areas in mathematics in the last decades, see, e.g.
[2-5, 18, 28, 30]. Lubinsky [29] showed that if f(x) = log (2 |sin(7 x)|), then, for almost every

« and every monotone increasing ¢ : Ry — R with liminf;_, o, % = 00, the inequalities

Sy (f,,0) =9 (logN), Sy (f,a,0) < —t (logN), €))

hold for infinitely many N, if and only if Y . ﬁ = o0o. This result was refined by Borda
[10] in the following way: Recall that for a set of integers A C N, we define its upper dens-
ity to be limsup,,_, % where Ay :={N<M:NecA}. It was shown in [10] that in the
diverging case, both inequalities (1) hold on a set of positive upper density. This was fur-
ther improved in [19], where it was shown that the actual upper density equals 1. Note that
flx) =log(2|sin(wx)|) does have a single symmetric logarithmic singularity at 0. As pointed
out in [13], the behaviour of Birkhoff sums with f having a symmetric logarithmic singularity
is expected to be similar to f being as in definition 1.1, since the decay of the Fourier coeffi-
cients is of the same order. Our first theorem supports this expected behaviour as we obtain a
Khintchine-type result on the upper density of the same form for piecewise smooth functions

with rational discontinuities.

Theorem 1. Let 1) : Ry — R be a monotone increasing function, f a function as in definition
1.1, i.e. fis smooth up to finitely many discontinuities 0 < x| < ... < x, < 1 at rationals, and

o0
qeQ. If > W = 00, then, for almost all « € [0, 1), both sets
k=1

{NeN : Sy(f,a,q) = (logN)}, {NeN : Sy(f,a,q) < —¢(logN)} 2)
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have positive upper density. If Z,fil ﬁ < 00, there exists a constant ¢ >0 such that, for
almost all a € [0, 1), the set

{NeN:|Sy(f,a,q)| = 9 (logN) + clogNloglog N}

is finite.

Theorem 1 shows the following interesting behaviour: Let ) be monotonically increasing
and liminf;_, o %’g{k = 00. As soon as there are infinitely many N € N such that |Sy(f, ., q)| >
1 (log N), then immediately a ‘positive proportion” of all natural numbers satisfies this property.

In section 3, we prove theorem 7, which is a slightly stronger result than theorem 1. It turns
out that for many classical functions that fall in the framework of definition 1.1, the sets (2)
have actually upper density 1.

Corollary 2. Let 1) and q be as in theorem 1 with Z,fil ﬁ = o0 . Then, for almost all o €

[0,1), the sets in (2) have upper density 1 for the following functions f:

e The classical saw-tooth function f(x) = {x} — 1/2.

e The local discrepancy functions with rational endpoints f(x) = 11, ;) ({x}) — (b — a). In par-
ticular, this means that the set {N € N : Dy((na)nen) = ¥(logN)} has upper density 1,
improving the result in [26].

e the 1/2-discrepancy function f(x) = 10,1 2y ({x}) — 111 /2,1)({x}), which is intensively stud-
ied in, e.g. [31, 32].

Naturally, the question arises whether a similar behaviour can be expected for functions
with logarithmic singularities. Note that in many applications (see for example [16] and the
references therein), one is not only interested in symmetric, but also asymmetric singularities.
In the next statement we show that for functions f with an asymmetric singularity, there is an
analogue of theorem 1 with an additional scaling factor of log N.

Theorem 3. Let f be as in definition 1.2. Then, for any non-decreasing 1 : R, — R and for
any q € Q, the following holds:

[ee]
(i) If the logarithmic singularity is asymmetric and W = 00, then, for almost every o €
k=1

[0, 1), we have that both sets

{NeN:Sy(f,a,q) = logNy (logN)}, {NeN:Sy(f,a,q) < —logNi (logN)}
(€)]

have upper density 1. If Z,fi] m < 00, then there exists a constant ¢ > 0 such that, for
almost all o € [0,1), the set

{NeN:|Sy(f,a,q)| =1ogN (¢ (logN) + clogNloglogN)}

is finite.
(ii) If the logarithmic singularity is symmetric, then for almost every o € [0, 1), we have

ISy (f, e, q)| < (logN)2 loglogN.
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Theorem 3 shows the surprising fact that one should expect a completely different oscil-
lation between the Birkhoff sums of functions with symmetric and asymmetric singular-
ity. To see this, we note that ¢ : R — R, with ¢(x) := xlog(x + 1)loglog(x + 10) satisfies
>, W = oo and thus, for a function f with an asymmetric logarithmic singularity, the sets
in (3) have upper density 1. However, the same sets are finite if the underlying Birkhoff sum
is generated by a function g with symmetric logarithmic singularity. This is because theorem
3 (ii) tells us that

ISv(f,, q)| < (logN)zloglogN: o(logNyp(logN)).
Remark 1.3.

e One can clearly see from the proof of theorem 3(i) that it is possible to generalize the result
to functions of the form f(x) =fi(x) +/2(x) + f5(x), where f; (x) is a smooth function with
asymmetric singularity at a rational number x;, f> is a smooth function with finitely many
symmetric logarithmic singularities at rational numbers x;,x3,...,x, and f3 is a piecewise
smooth function with finitely many discontinuities.

e The actual maximal oscillation of Birkhoff sums with a symmetric logarithmic singularity
for generic o remains open. Using [10, proposition 12], the result of [29] and f being a
smooth 1-periodic function with its symmetric logarithmic singularity located at 0, we have
that, for almost every « € [0, 1), |Sy(f, &, 0)| < 9 (logN) 4+ log Nloglog N for any monotone
Y with Y2, m < 0. Most probably, the bound (log N)?loglog N is not sharp for logar-
ithmic singularities that are located at arbitrary rationals. We did not aim to achieve the best
possible bound, but wanted to stress the different behaviour of symmetric and asymmetric
logarithmic singularities. Possibly, the upper bound for the Birkhoff sum with symmetric
logarithmic singularity coincides with the Khintchine-type behaviour in theorem 1. A proof
of this would probably need to make use of delicate estimates on shifted cotangent sums and
is beyond the scope of this paper.

1.2. Sharpness of the Denjoy—Koksma inequality

Recall the classical Denjoy—Koksma inequality (see, e.g. [20]): Let « be fixed and let p, /gy,
denote its nth convergent. If f is a 1-periodic function of bounded variation Var(f) on [0,1),
then, for any g € R,

qn_l

1
> sthata)—an [ £ ax| < Var().
k=0 0

1Sq, (. q)| =

For N = Zﬁ?_] b;q; being its Ostrowski expansion (see section 2.2 for details), we imme-
diately obtain the bound

(N)
Sy (foq)| < Var () ai, )
i=1
where o = [0;ay,a,...] is the classical continued fraction expansion and K(N) denotes the

integer K such that gx_; <N < gg. It is natural to ask whether (4) is sharp for particular
functions f. This was essentially already proven in [26] for both the classical saw-tooth function
{x} —1/2 and the local discrepancy functions 1, ;) ({x}) — (b — a): for almost every «, there
are infinitely many N where (4) can be reverted up to an absolute positive constant. However,
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to the best of our knowledge, all results in this direction only show that this bound is essentially
obtained for infinitely many N, but there is no statement about the frequency of those N. This
is shown in the following theorem.

Theorem 4. Let f be a function with finitely many discontinuities at rationals (see definition
1.1) and let g € Q. For fixed o and N € N, let K(N) denote the integer K such that qx_1 < N <
gk- Then, for almost all « € [0,1), both sets

K(N) K(N)

N€N|SN(f,oz,q)>>Za,- , N€N|SN(f,a,q)<<—Zai
i=1 i=1

have positive upper density. The implied constants depend on o, f and q.
Analogously to corollary 2, the following stronger version of theorem 4 can be obtained.

Corollary 5. If f(x) = {x} — 1/2 or f{x) = 1,4({x}) — (b — a) we have the following: For
almost all « € [0,1) and any 0 < r < 1, there exists a constant C(r) = C(r,f,q) > 0 such that
both sets

K(N) K(N)
NeN SN(f,oz,q)>C(r)Zai ) NeN SN(f,a,q)g—C(r)Zai
i=1 i=1

have upper density at least r.

Remark 1.4. Note that in contrast to corollary 2, we cannot include »=1 in corollary 5
since our method of proof gives lirr} C(r) = 0. This is due to the fact that the convergence-
r—

divergence condition in the Khintchine formulation enables to hide a sufficiently large con-
stant in the divergence condition of 1 (since for ¢ (k) := cp(k), >, m converges if and

only if Y%, m does) , which is not possible to do in this setting.

Theorem 4 has consequences in the theory of numerical integration: Assuming that there are
functions f such that the bound (4) is attained only along a very sparse subsequence (N )ren,
one could hope with a randomized approach to hit this sequence very rarely. Then, one could
generate by some (randomized) algorithm an increasing sequence of integers (M;); < and con-
sider an irrational o drawn uniformly at random from the unit interval. With high probability,
one would expect ‘SMJ. (fra, q)’ = o(zfﬁfﬂ a;). Theorem 4 implies that such an approach will
most likely fail. It shows that, almost surely, a positive proportion of those M; satisfies

K(M;)

‘SM,- (fia,q)| > Z a; > logM;loglog M;.
i=1

This implies that every low-discrepancy sequence (such as the Kronecker sequences
({na}),en where « is badly approximable) gives a better error bound in numerical integ-
ration, regardless of the support of the function f and the chosen algorithm to generate the
sequence (M;);en.

Next, assume that f has a singularity, but is still integrable. The singularity makes an applic-
ation of the classical Denjoy—Koksma inequality impossible since the variation of f is not
bounded. However, we can still get a nontrivial bound on Sy(f; «,q) provided that the orbit
{q+na: 1< n < N} stays away from the singularity.
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Proposition 1.5 (Denioy—Koksma inequality with singularity). Ler N € N,q € [0, 1) arbiz-
rary and let N = Z =1 biq; be its Ostrowski expansion. Assume that f is a 1-periodic func-

tion with a single smgularlty in x;. Let x; € Ay C [0, 1), where Ay is an interval (modulo 1)
such that {q+no—x1} ¢ Ay for all 1 <n < N. Then,

K(N)—1
st < s 9] 3 b+N\ / f(x)dx\. )

xe[0,1)\Ayx

In particular, we have, for K € N,

/A f(x)dx‘ .

This bound is not new but was used already in, e.g. [21, 22, 27]. The statement follows
immediately by defining

K
max |[Sy(f,,q)| <  su X ai+q
o, ISvifoa)l < s 9|3 e ax

- {f(x) if xe€[0,1)\ Ay,

fox) = 0 otherwise,

and applying the classical Denjoy—Koksma inequality (4) tof.

The following theorem shows that for asymmetric logarithmic singularities, the estimate (5)
is also sharp in the sense of theorem 4, which in particular extends the consequences for numer-
ical integration to functions with an asymmetric logarithmic singularity.

Theorem 6. Let f be a I-periodic smooth function with rational asymmetric logarithmic sin-
gularity in x; as in definition 1.2. For fixed a € [0,1),q € Q and N € N, we denote by K(N) the
integer K such that gx_y < N < qk. Further, let Ay = (x; — g(N),x1 + g(N)) be an interval
with g(N) = min,y||na + q — x1|. Then, for almost all o € [0,1) and any 0 < r < 1, there
exists a constant C(r) = C(r,f,q) > 0 such that both sets

NEN|Sy(f,aq) > C(r) sup  [f(x) Za,—f—N‘/ANf(x)dx‘

x€[0,1)\Ay
K(N)
NEN 5300 < 00 _sup 913~ v/ f(x)dx]
)CG[OI \AN AN

have upper density of at least r.

2. Prerequisites

2.1. Notation

Given two functions f,g:(0,00) =R, we write f(r)=0(g(r)),f<K<g or g>f if

limsup,_, |l£ ((’t))“ < oo. Any dependence of the value of the limes superior above on potential

parameters is denoted by appropriate subscripts. For two sequences (ax)ren and (bg)ren with
by # 0 for all k € N, we write a; ~ by, k — oo, if limy_, o Z—i = 1. Given a real number x € R,
we write {x} =x— |x] for the fractional part of x and ||x|| = min{|x— k| : k € Z} for the
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distance of x to its nearest integer. We denote the characteristic function of a set A by 14 and
understand the value of empty sums as 0. We denote the cardinality of a set A C N as |A].
For shorter notation, we write Sy(f, ) := Sy(f,,0). Let o(X;, X3, ... ) denote the o-algebra
generated by random variables X, X>,.. ..

2.2. Continued fractions

In this subsection, we collect all classical results from the theory of continued fractions that we
need to prove our main results. Every irrational o € R has a unique infinite continued fraction

expansion denoted by [ag;ay,az, . ..] with convergents pr/qy := [ao;ai,. . . ,ax] that satisfy the
recursions
Pt = prr1 (@) = arpr () pe+pi—1, @1 = @1 (@) = a1 () e+ qr—1, kKEN,

with initial values pg = ag, p1 = ajap+ 1, qo =1, g1 = a,. For the sake of brevity, we just
write ax, px, gk, although these quantities depend on . We know that py /gy are good approx-
imations for « and satisfy the inequalities

1 1
—  <G=|ga-pl<—, kEN,
Q41+ Gk Gr+1
Fixing an irrational «, the Ostrowski expansion of a non-negative integer N is the unique
representation

K—1
N= Zbe%,
=0

where bg_1 #0,0< by < a;,0< by <apyy forl <L K—1andif by =ay, then by_; =0.

So far all statements can be made for arbitrary irrational numbers, but since this article
considers the almost sure behaviour, we make use of the well-studied area of the metric theory
of continued fractions. We state several classical results below which hold for almost every
a € R. We will use them frequently in the proofs of our results.

e The Borel-Bernstein theorem ([9], see also [11] for a more modern formulation without
monotonicity condition): For any non-negative function ¢ : Ry — R, we have

[ee]
. . . l o
infinite  if ]gom = 00,

HkeN:a, > (k)}| is ' = (6)
finite if > 7 < o
k=0
e (Diamond and Vaaler [12]):
KlogK
Zag—maxagw o8 , K—oo. 7)
1<K log?2

<K
e (Khintchine and Lévy, see, e.g. [34, chapter 5, §9, theorem 1]):

log gy ~ T _kask— 00. ®)

121log2
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3. Functions with discontinuities

We start this section with a decomposition lemma that is of a similar form to [15, appendix A].

Lemma 3.1 (Decomposition lemma). Letf : R — R be as in definition 1.1, i.e. fis piecewise
smooth with (possible) discontinuities at 0 < x; < ... <x, < l. Let g : R — R be defined as

g(x) = <{x}—> > A +Ec, Ty (0) = (6 —xim1))

i=1

where A; :=lims_o [f(x; — ) —flx; +9)], ¢ == Z;ZlAj and xo :=0. Then, for any N €
N,q € Q and for almost every a, we have

Sn(fy,q) = S (g,a,q) +O(1).

If f satisfies

ZA 75001’261 Xi—Xi—1)#0, 9
then also f,(x) :=flx+y), for any y € [0,1), satisfies (9).

Proof. We define ¢ :R — R as ¢(x):=f(x) — >/ A; ({x—x;} — 1). Further, we see
{x—x;} — 3 ={x} — 3 —x; + Ljp ) (x) and hence

_ ZV:A,- ({x—xi} _ ;) + o)
({;;}-)ZA +ZA 0.6 (¥) = xi) + (%)
({x}—)ZA F30 (U (8 = (5 = 351)) + 000)

i=1

= 8(x) + ¢ (x).

By the choice of f, there exists a function 1) that is differentiable with 1’ being of bounded
variation and ¢‘ AN gp, 0N et} By the properties of ¢, we get Sy(¢, a, q) =

O(1) (see appendix A in [15]). Since « is irrational and ¢ € Q, we have ¢ (na + q) = p(na +
q) for any n € N and thus,

Sy (fyc,q) = Sn(g,,q) + Sy (¥, a,q) = Sy (g,0,9) +0(1),

which proves the first part of the statement. For the second part, one sees immediately that
Z;‘/:IAi is invariant under translation. By a slightly longer, but elementary calculation, one
finds that under the assumption of Y ;_; A; =0, also >, ¢;(x; — x;—1) # 0 is invariant under
translation. O

The definition of the quantities A;,c; in lemma 3.1 allows us to state stronger, but more
technically involved versions of theorem 1 respectively theorem 4. This refinement will also
immediately imply corollaries 2 and 5.
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Theorem 7. Let ) : Ry — R be a monotonically increasing function with Z,fil m =00
and let f : R — R be as in definition 1.1, i.e. f is essentially smooth with (possible) discontinu-
ities at finitely many rationals 0 < x; < ... <x, < 1. Let A; = lims_, [f{x; — ) —f(x; + 9)],
ci = 2;21 Ajfori € {1,...,v}andsetxo =0.1f > ;_|A; #00r > ;_ ci(xi—xi—1) #0, for
almost all a € [0,1) and all g € Q, both sets

{NeN|[Sy(fia,q) 29 (logN)},  {NeN|[Sy(fo,q) < —¢ (logN)} (10)

have upper density 1.

If YU _ A =0and Y;_, ci(xi —xi—1) =0, for almost all o € [0,1) and all g € Q, both
sets in (10) have positive upper density.
Theorem 8. Let 1.f,v,A; and c; for i € {1,...,v} be as in theorem 7. If >_._,A; #0 or
Yo ci(xi—xi—1) #0, for almost all « € [0,1) and all g € Q, we have the following:

For any 0 < r < 1, there exists a constant C(r) = C(r,f,q) > 0 such that both sets

NeN | Sy(f,a,q) > Za, , NeN |Sy(f,a,q) < Za,

have upper density of at least r. Here K(N) denotes the integer such that qxny—1 < N < qgv)-
If Y07 A =0and Y./_, ci(xi—xi—1) =0, for almost all o € [0, 1), there exist constants
ro =ro(fi,q) > 0and C = C(f,a,q) > 0 such that both sets

K(N) K(N)
NeN SN(f,a,q)ECZa,- , NeN|Sy(f,a,q) < CZa,
i=1

have upper density of at least ry.

Naturally, the question arises whether the conditions > ;| A; #0or >, ¢;(x; — xi—1) #
0 give an exact characterization of functions that satisfy the statements in theorems 7 and 8. We
show that these assumptions are not necessary, but without any condition on the interplay of the
location of the discontinuities and their jump heights, one cannot hope to achieve upper density
1. In fact, we provide two classes of functions that, in general, do not satisfy Ziuzl A; #0or
v ci(xi —xi—1) # 0; for one class, the sets

{NeN|Sy(f,a,q) = (logN)}  {NeN|Sy(fa,q) < —1(logN)}

both have upper density 1 for any g € Q. However for the other class of functions, this fails
to hold. The proofs of both these statements (propositions 3.2 and 3.4) can be found in the
appendix.

Proposition 3.2. Let

f(x) [;17;2] ({x}) [;27;;] ({x})v Tiy Si EZ\{O}’ng(rivsi):la r%+r%>0
’ (1

Then, for every q € Q and almost all o € [0,1), both sets
[NEN|Sy(fiq) > (logN)},  (NEN|Sy(fiaq) <~ (logh)} (12)

have upper density 1.
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Remark 3.3. Letf(x) = 1[%&] ({x}) - ]l[%&

ition 3.2. One can easily check that Y1 A; = >__, ¢; (x; —x;_1) = 0. Theorem 7 (and hence
theorem 1) only shows that the sets in (2) have positive upper density. Proposition 3.2 shows
that we have indeed upper density 1, meaning that the assumptions in theorem 7 are not sharp.

] ({x}) which satisifes the assumptions of propos-

The following proposition shows that there are functions of the form as in definition 1.1
where the sets in (2) do not have upper density 1.

Proposition 3.4. Let u,v,w be positive integers withu <v < w/2, gcd(u,w) = ged(v,w) =1
and let

£ = (D) =11 g (D)

u v
wrw

Then, there exists a monotone increasing function ¢ : Ry — Ry with Y, ﬁk) =ooanda
constant 0 < § < 1 such that, for almost every o € [0,1), the set

{NeN:Sy(f,a) =1 (logN)}

has upper density of at most 1 — 4.

Proof of theorems 1, 4 and Corollaries 2, 5. Corollary 2 follows immediately from theorem
7 since all functions considered in corollary 2 satisfy > .| A; #0or Y . ¢;(x; —xi—1) #O0.
Analogously, theorem 4 and corollary 5 follow directly from theorem 8. Theorem 7 implies the
statement in theorem 1 for the case Z,fi | ﬁ = 00, so we are left with the case Z,fi | m <
0. By the Denjoy—Koksma inequality (4), we have

K(N)

Sy (frag) < Var(f) [ Ya |
i=1

where  ggvy—1 <N <ggw). We have ZZKS}O a; = ag, —1—21{;(1\1]?#,(0 a; with Ky=

argmax;—p . x(v)a;- We define z/;(k) := c19(c2k) for constants ¢, ¢, > 0 specified later. Since

1) is monotone, it follows immediately that Z,fil —L_ < 0. Thus, (6) implies that, for suf-

- (k)
ficiently large N, we have ag, < ¢(Ko). Moreover, by (7) there exists an absolute constant

¢ > 0 such that ZIK:(API 2k, 4 < CK(N)1logK(N). Together, we get

1Sx (., )| < Var () (4 (Ko) + K (V) log K (V) )
< ¢ (logN) + clog NloglogN,
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where we choose ¢ and ¢, such that

Var (f) ¢ (Ko) < ¢ (logN)

and ¢ > 0 in a way that ¢Var(f)K(N)logK(N) < clogNloglog N. Thus, there exists a constant
¢ > 0 such that, for almost all « € [0, 1), there are only finitely many N € N with

)

ISy (fy e, q)| = ¢ (logN) + clog NloglogN.

3.1. Heuiristic of the proofs

We will briefly line out the main ideas of the proof of theorems 7 and 8. One of the core
tools we are using is the well-known result in metric number theory that for almost every a €
[0,1), there are infinitely many K € N such that ax dominates the sum of the preceding partial
quotients, that is, Zf:ll a; = o(ag). Here, K will always satisfy this property. For gx_; <
N<gxand N=bg_1qx +N',N' < gx_1, we first get rid of Sy (f, «) by an application of the
Denjoy—Koksma inequality. The rest of the proof is to show that essentially Sy, 4, , (f,a) >
ak for most N, which then implies morally both theorems 7 and 8 by an application of the
Borel-Bernstein Theorem. As {n« Z’;‘l' is close to being uniformly distributed in the unit
interval, it is natural to analyze

qK—1 1
Saes () = Shge, (fa) =Y _f(na+bgi 1) — gx1 / f(x) dx
n=1 0
for every b < bx_1 — 1. For f of the form considered in theorems 7 and 8 and % € [¢’,c] for

some 0 < ¢’ < ¢ < 1, one obtains

<_1>K (S(bJrl)CIK—] (fa ) quK 1(fa )) ;

with d > 0, provided that gx_; satisfies some congruence relation that depends on the location
of the discontinuities (lemma 3.8). If % € [0,d’) we get

K
<_1) (S(h-i-l)q:(—] (f7 ) quK 1 (fv )) %
Thus, for § >0 and N with (6 + ¢")ax < bx—1(N) < cak, we have

K

<_1)KSN (f?a) ~ Sbl(—ll]l(—] (f?a) i 5daK > Zai'

i=1

Letting 6 — 0, we see that the desired inequality holds on a proportion of at least <= many
elements among {1,...,cak}. By arefinement of the Borel-Bernstein Theorem, we ensure that
there are infinitely many odd respectively even K that both satisfy Zz*l a; = o(ak) and this
certain congruence relation on gx_ . Thus, we obtain the positive upper density by considering
the subsequence cax where the K are chosen out of this infinite set, giving upper density of at
least ”_Ccl > 0.

7076



Nonlinearity 36 (2023) 7065 L Frihwirth and M Hauke

Under the assumptions Y ;_ A; #0or Y ., ¢;(x; —x;_1) # 0, it is possible to prove that
we can choose in the above discussion ¢’ = 0 (lemma 3.7), which leads to the result with upper
density 1.

3.2. Preparatory lemmas

Before we come to the proof of theorems 7 and 8, we need a few auxiliary results. The first
lemma treats the sawtooth function, which in view of lemma 3.1 is a building block for the
decomposition of f.

Lemma 3.5. Let a € [0,1) be an irrational number and f(x) = ({x} — f) If ax is sufficiently
large, then, for 0 < b < ag, we have

S, (00 = (~1)* (1 - ”) Lo

ag

Proof. We only consider the case where K is odd since the other case can be treated analog-
ously. We thus have

1 1
——— < k-1 =¢gk—10—pg—1 < —.
gk +qk—1 qk

Since gk = akxqk_1 + qx_», we get the asymptotic expression dx_| = where

ex = O(ay"). We obtain

1
qx—1ax(1+€k)’

S ()= 5 (tna}-3)

n=1
b—14gk—1

=y ({na-i—qu ) — )

u=0 n=1

b—14gk—1 n 1
_ZZ<{ PKk— 1 51<1+u51<1}—2>

P — gKk—1 CIK—l

b—1qk—1 1 u 1
Sy ({m o) }-3)
qK—1 gk—1ak gx—1ak (1 +ek) 2

u=0 n=1

b—1gx—1—1 n . . ,
_ ( +0< ) I ) bkt
w=0 n=0 “IK=I 9K—19K gx—1ax (1 +ex) 2

In the second last line we used that dx_; =

m and we employed n < ggx— in the
inner summation. Further, we used that gcd(pg_1,9x—1) = | and hence the remainders of

npkg—1 modulo gx_; are precisely the integers n =0,...,qx—; — 1. Finally, we omitted the
0 ( 1 ) + et < 1 'holds for all n and u, provided

qKk—14aK
ag is sufficiently large. This leads to
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b—1qk—1—1
n 1 u bgx_
>3 (avoloma) )5
K— qk—1ag gr—1ak (1 +¢€k) 2

u=0 n=0
b(b—1) bgk—1
o(1 -
( )+2a1<(1+€1<) 2

_ k-1 (gxk—1—1)b
2qk—1
b b?

=2t —" o0l
2+2aK(1-i-€K)+ M

——g <1—:K>+0(1)7

where we also made use of the estimate b < ag
O

The next lemma treats the local discrepancy function, which in view of lemma 3.1 is also a
building block for the decomposition of f.

Lemma3.6. Letf =1y, .1 withr;,s; € Nand ged(ri,s1) = ged(r2,52) = 1. Further, let oo =
.\'1 7.\'2

[0;ay,a,,. } be ﬁxed and let both k € N and ay, be sufficiently large. Moreover, let b € N such

r k—1 r k—1
Ska—l(ﬁa):b({SIle}""(_l) ]l{mltlkl}_{SzCIkl}_(_l) ]l{fzthl}) )

where 1gg 14y = Vifsilqi—y and Ly 4y =0 si { qr—1.

Proof. We show the statement only in the case where & is odd and s;|gx—; and s; t gx—1. The
other cases can be treated analogously. Thus, we need to show that

Spae, (@) =b (1 - {qu_l}) .

We recall that Sy, _, (f,a) = Hl<n bgiy : fna} € [2 i}}‘ bggo (2—2). In the
1

s17 8
following, we use that for odd k, we have 0 < 04| = g1 —pp_1 = We

i snses {m}e[Zi 3l

-1
{12020t e [2.2])

s1 8

1) rnr
{1<"<Qk—13{ Dl in L e 1} {172}}'
Gk—1 qk—1 S1 82

n Op— rnr
{Ognqu_l—lz{—i—m(n)kl—i—jék_l}e {1,2]}‘,
dk—1 qk—1 S 82

where m(n) := pr_1n mod g;—; and we used that p;_; and g;_; are coprime in the last
line. Let €, := m(n) gi:: n< g —1

argr—1(1+04, (1))
obtain

Il I
S W > ] >
.L OM"—‘ (=}

Il
<)

J
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€[, 2] Smce k is odd and we assume that b < 5%, we have 0 <

e, < aqu_1(1+oak(1)) me ](H%k(l)) Usmg 1| qk—1 and €, > 0, we see that the smallest

integer n with 0 <n < gx—

>Njsp="0 ;
s n= g1 Since s5 { gx—1 and

(smce ai = 2s1sz, 1f ay is sufﬁ01ent1y large,

1
€n S argr—1 (1404, (1)) 251524A—1(]+0k(1)) < 32q1<
where also 1 + 04, (1) is close to 1), we have that the largest integer n with O <n < gx—1 — 1
su <Risn= Lg gk—1]. This means, the number of integers 0 < n< g —1

[? ;2] is equal to [ 2gi] =21+ 1=1—{Zq 1} + g1 (3 -

i) This leads to

This implies that Spy, , (f,) = b(1 — {2gx—1}), as claimed. O

Lemma 3.7. Let f be as in Definition 1.1, and let A;,c;,g as in lemma 3.1. Further, assume
that Y, A; #00r Y"1 ¢i(x; — xi_1) # 0. Then, there exist constants c,c’ > 0, and integers
o, Bj,%5,0j,j = 1,2 (depending on f) such that the following holds:

e f K=oy (mod 1), qx—1= (mod d,), then for any integer b with 0 < b < cak, we
have for sufficiently large K and ag,

K—1
Sblikl(gaa)>bcl+0<zai> . (13)
i=1

e fK=ay (mod $2), gqx—1 =2 (mod 0,), then for any integer b with 0 < b < cak, we
have for sufficiently large K and ag,

K—1
Shax_, (g,0) < —bc’ + 0 (Za,-) . (14)

i=1

Proof. We only prove (13), the inequality (14) can be shown analogously. First, assume that
SV A >0. Let x; = ;7 with ged(r,s;) = 1. We set ¢ := 451,1”&/ and choose ag := 1,3 :==
2,71:=0 and &y :=sy---5,. Assume that K € N satisfies K=«; (mod ;) and gx_; =
T (mod 51)

By lemma 3.1, we can write g(x) = (37, A;) ({x} = 3) + 307 i (L, g ({x}) — (xi—
xi—1)), where we set xo := 0. This leads to

i=l1 n=1 i=1

bgk—1 1 bgk—1 v
Shac, (8:0) <2A>Z({na}—2) S5 e (Lo ({101 = (6 —x0-1))
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By lemma 3.6, the second sum above is equal to 0. Since K — 1 is even, we get by lemma 3.5

(ZA ) bqf ({na} - ;) (ZA ) (1 -~ ci) +0(1)
(ZA) (1—c)+0(1).

We define ¢’ := 1 (37| A;) (1 — ¢) which is a positive constant, since ¢ < 1. This finishes the
proof in case of >_._; A; > 0. The case ) ,_; A; < 0 can be handled analogously.

Now assume Y . _;A; =0, but Y7 ¢;(x; —x;—1) #0. This implies v >2 and we
assume without loss of generality x; > 0. Further let Z;’Zl ¢i(x; —x;—1) > 0, the case where
Soi_ici(xi —xi_1) <0 can be treated analogously. Let x; = % with ged(r;,s;) =1 for i =
0,...,v.Wechoose; =0, =2,71 =s1---5, — land §; = s1’~~sl, (we note that sy -- -5, >
2). Let K € N such that K= «; (mod 3;), gxk—1 =1 (mod d;) and define ¢ := . Then,
for 0 < b < cag, we get

1
4515y

bgk—1 v

Shax_ = Z ZC:’ (U, ({na}) = (xi = xi-1))

(R R I )}

In the last line, we applied lemma 3.6 and used that s; 1 gx—; for every i = 1,...,v. By the
choice of v and §;, we have gx_; = —1 (mod s;) for all i = 1,...,v and therefore

bZC, ({ S qkx— 1} { qK— 1})—1—[}01 (1 { qK— 1})—1)261 ([—Sl )
v ci(xi —x;—1) > 0, the proof is finished.

By now defining ¢/ =>"7_, ¢ (7 — =t t)
0

Next, we consider the analogue of the previous lemma in the case Y, A; = > 1 ¢; (x; —
x;—1) = 0, where we aim for a positive upper density.

Lemma 3.8. Let f be as in definition 1.1, and let A;,c;,g as in lemma 3.1. Further, assume
that Y7 A; = > ¢i(x; — xi—1) = 0. Then, there exist constants c,c’,d > Owithc' < c and
integers «, 3,7, 0;,j = 1,2 (all depending on f) such that the following holds:

e If K=« (mod 31), gx—1 =7 (mod &), then for ¢’ax < b < cak, we have for suffi-
ciently large K and ak

Shax_, (g, @) = dag. (15)

e If K=a; (mod 3,), gx—1 =7 (mod &), then for ¢’ax < b < cak, we have for suffi-
ciently large K and ag

SbcIK—l (ga a) < _daK~ (16)
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Proof. We only show (15), since (16) can be shown analogously. By assumption c; =
Z;’Zl A; =0, thus there exist at least two A; # 0. To keep notation simple we assume A; # 0
and thus ¢, = Z?:zAi # 0. We assume ¢, > 0 and note that the case where ¢, < 0 can be
handled similarly.

Letx; = { foralli =0,...,v. Wechoose a; =1, 51 = 2,7 = 1 and 0; = s, ---s,,. We take
K € NwithK =« (mod ), gxk—1 = (mod d;) and ag > ﬁ Moreover, letc¢’ = %
and ¢ = x,, which implies 0 < ¢’ < c. Let b € N with ¢’ax < b < cak and consider

bgk—1 v

qul( 1 g7 Z ZCJ ]l[X, 15] {na}) ( —Xi— 1))

n=1 i=1

= e ({1 <n<bgxy:{na} € xioy, %]} —bgx—1 (xi —xi1)).

i=1
Now, for every 1 < i < v, we provide a suitable estimate for

{1 <n<bgg—r:{na} € [xio, x|} — bgx—1(xi —xi—1)
from below. Starting with the case i > 3, we observe that

b—1
{1 <n<bgr i :{na} € i,xl} => {1 <n<ggr:{na+ugea} € [g1,x]}.
u=0

For 0 <u <b—1, we have

{1 <n<gg—1: {na+ugx—1a} € [xi—1,x]}|

— ’{1 <n<gr-r: {npKl +6n} € [xilvxi]}
dKk—1

ZK:: ) +n (oz — ’;’;—::) Since 2|(K— 1) and u < b < xpag, we have

)

where ¢, 1= ugg_ (a
that 0 < ¢, < q,’(‘il

‘ 1<n< Z{npK_l-‘rEn}E[xihXi]}‘
qKk—1

n n X2
Z'{O n<gg—1—1:— 2> xi_1, + gxi}'
qK—1 qdk—1  4K—1

= [xigg—1] — [*ic1qx—1]+1,

Where we used that, for i > 3, we have x;

qK ; is n = |x;qx—1|. Moreover, the smallest n such that > xi_pisn=[x_ lqK 1]

Slnce gk—1 =1 (mod sy ...s,), we have {gx_1x; } = x; for any 1 < i < v (recall that the s;
denote the denominators of the rationals x;) and thus, in case of i > 3, we have shown that

{1 <n<gg—i:{na+ugx_10} € [xi1,x} = (xi —xi—1)gg—1 — (i —xi—1)

holds for any O < u < b — 1. For the case i =1, a similar argument as before shows that for
any 0 <u < b— 1, wehave

Hl<n< gkt {na+ugg_r1a} €[0,x1]} = x1gx—1 — x1.
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Now we turn our attention to the case of i=2, where we establish a slightly dif-
ferent lower bound for |{l <n<gkx_1:{na+ugx_ia} € [x1,x]}|. First, we consider
those u with 0 <u <xjag(l4+¢). We choose £>0 small enough such that x;(1+
4e) < xp. In that case, we get the same lower bound as before, i.e. we establish
{1 <n<ggoi:{na+ugx_1a} € [x1,x]} > (x2 —x1)gk—1 — (x2 — x1). We are now in the
case, where xjak(1 +¢) < u < xpag — 1 (which is a complete case distinction, since u < b <
Xpak), we get

H1<n<gg—i:{na+ugx_a} € [x1,x]}|

= ’{1 <n < qK—1 {npKl +5n} S [‘xlvxZ]}’?
dK—1

Pk—l) +n (a— Zﬁ:l) Since 2|(K — 1) and agx;(1+

qK—1

where we again set €, = ugg_ (

e)<u< asz — 1, we have that forany 1 < n < gx—1, #t:(])) <g, < q;‘—i]. Further, we
use that ; ( = > 1 if K is sufficiently large and henc . This gives us the estimate
Hl n< :{npK_1 +6n}6[x1,x2]}‘
qdKk—1
2'{0 n<gg-1—1: + = X, A <X2H-
k-1 4gk—1 k-1 gk—1

Here we used ged(pg—1,9x—1) = 1 which implies that npg_; runs through all remainder
classes modulo gx_;. The smallest 0 <n < gg—; — 1 such that ﬁ + >x 1S n=

¢1K 1
|x1gx—1] = x19x—1 — x1, which follows from the congruence relation satisfied by gx—_;. The

largest n such that e ql’(‘il < = |x2gk—1] = x2gx—1 — x2. These estimates lead to
n X1 n X2
0<n<gg—1—1: + = X1, + <X
qKk—1 gK—1 qKk—1 qK—1

= |xgk—1] — [x19k-1] + 1
= (v —x1)gx—1+ (1 = (2 —x1)).

Now we can combine all the estimates we obtained before, in order to get

v

b—1
> e H{i<n<grr: {no+ugx_r0} € xion,x]} = (6 —xi1) gx1

i=1 u=0
v b—1
—ZC,Z Xi—xi—1)+{0<u<<b—1agx (1 +¢) <u<agx, — 1}
i=1 u=0

=0+cy(b—[agx1 (14+¢)]) = akea (xl —;xz —(1+6)x1> -2

> agcs (xl erx2 —(1 —|—25)x1> .

We used the overall assumption of Z” ci(xi —xi—1) =0 and —2 > —cyage, since ag is
large. The proof is now finished by deﬁmng di=c, (222 — (1+2¢)x;) > 0.
O
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3.3. Refining the Borel-Bernstein theorem

We see that lemmas 3.7 and 3.8 give us lower bounds on Birkhoff sums, provided that ax does
not only dominate the sum of the preceding partial quotients, but both K and gx— additionally
satisfy certain modularity conditions. Without having to satisfy these extra conditions, the
existence of infinitely many such ak for generic o could be deduced from a combination of
the Borel-Bernstein Theorem and the estimate (7) on the trimmed sum of partial quotients.
The aim of this section is to establish a version of the Borel-Bernstein Theorem (lemma 3.12)
that allows to include additional assumptions on K and gg—_;. We make use of some known
auxiliary results that are stated for the reader’s convenience in full detail below.

Lemma 3.9 (lemma C in [17]). Let (Q2,F,P) be a probability space with events (A,)nen such
that Y72 | P[A,] = oo and

(ShoPian)’

limsup —5 =1
N—roo E::K}L::llp P45;r1z4L]

Then,

n— o0

P [limsupAn} =1

Lemma 3.10 (lemma 2.5 in [23]). Let veE N with v>2, and 0<u<v—1 and define
k=k(v) = [{(u1,u2) : 0 <y up <v:ged(uy,up,v) =1}|. Further, let mp€eN, ar~
Unif([0,1)), define 7 :=o(ai(a),...,an()) and let E € 0 (amipr1(), amipi2(c),...).
Then, there exist constants C >0 and A € (0,1) such that

1
’P[q,,,ﬂ, (@) =u (modv),a € E|F] — EIF’[a € E]| < CA\VP. 17)

Remark 3.11. In [23], the quantity k from lemma 3.10 is not given explicitly. The fact that
all pairs (uy,u;) with ged(uy,u,,v) =1 are admissible and thus k(v) can be defined as in
Lemma 3.10 follows from [24]. The decay rate of (17) was improved in [35] to be exponential,
that is of the form CA?.

Lemma 3.12. Let ¥ : Ry =R, be a monotonically increasing function such that
ZIO(OZI W = oo and let b,d € N with b,d > 2. Then, for any fixed 0 <a<b—1 and 0 <
¢ <d—1, for almost all o« € [0,1), the set

{KGN

has infinite cardinality.

K—1
K=a (modb),qx—1 =c (mod d),v (K) < ag <K2,Za,- < 2K10gK}

i=I

Remark 3.13. In particular, Bernstein’s Theorem can be strengthened in the following way:
For any monotonic increasing function ¢ : Ry — R, and any positive integers a,b,c,d we
have, for almost every « € [0, 1),

infinite  if> o ) = = 00,
HKE€N:ax > (K),K=a (modb),qx_1 =c (mod d)}|is { . , Z{;—O v

finite  if ) .7 7 <00
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The method of proof even allows replacing the condition K = a (mod b) with a condition
of the form K € A C N, where A has positive lower density. For our purpose the given version
is sufficient.

Proof. We first show that for almost every o € [0, 1), the set {K € N | K = a (mod b),9(K) <
ag < Kz} has infinite cardinality. We can assume without loss of generality that

liminfg_ %{ = oo since the result then also follows for all slower growing 1. Now we
define

K2 else.

(K) i {zp (K) if K=a (mod b),

Since ¢ is monotone, we have that y ¢, ﬁ =00 (since~ legb:l ﬁ >4 1[\;17:}7 W
oy 00). By (6), there exist infinitely many K such that ax > 1(K). Again by (6), there are
—00

only finitely many K € N such that ag > K? and thus, we can conclude that there are infinitely

many K € N with K =a (mod b) and ¢)(K) < ax < K>. Now we introduce the sets
Ex:={a€0,1) | K=a(modb),y(K) < ax < KZ},
Ag:={a€0,1)|K=a(modb),qx—1 =c (mod d),(K) <ax <K*}.

In the following, we show that lemma 3.9 can be applied to the sequence of sets (Ax)ken. To

that end, we define k = |{0 < uy,u; <d— 1| ged(uy,uz,d) = 1}| and we note that Ex only

depends on ag. Further, we will denote the 1-dimensional Lebesgue measure on [0,1) by P.

Using lemma 3.10, we get

PAg] = %IP[EK]+O(>\‘/’?), (18)

with A € (0,1). This gives us Y- | P[Ax] = oo, since there exist infinitely many K € N such
that P[Ex| = 1 by the first part of this proof. This shows the first assumption in lemma 3.9, i.e.
> % PlAk] = co. Now we take K, L € N with L+ 1 < K and consider

P[AxNAL] = P[AL)P[Ak|AL]
=P[A]P[¢(K) < ax < K*,qx—1 =c (mod d) ,K =a (mod b) |AL]

_PA (}(p[EK] +0 (Am»

= PP +PA]0 (W),
where we employed lemma 3.10 and used the estimate from (18) in the last line. We fix N € N
sufficiently large and consider

N N

3 PAknAd= Y PAPA]+2 Y IP’[AdO(Am)
K,L=1 K,L=1 LH1<KEN
+° (Pl - Plax?). (19)

K=1
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Next, we obtain an upper bound for two of the sums in (19). First, we get

N—1 N N
Y P[AL]O(Am) =23 Pl Y O(Am) <o) PA,
L+1<K<N =1 K=L+1 =1
where we used that A € (0, 1). Moreover, we get
N N

> (Plaxl —Plax) <Y PlAK]

k=1 k=1
and thus, we have

N N N 2
> Pado(WFT) 4> (Pla - Plakl) <O Y Plad =0 <ZP[AK1>

L+1<K<N K=1 K=1 K=1

For the equality in the previous equation, we used that y ., P[Ax] = cc. In total, we have
shown that

(ShoPian)’

1
limsup =limsup ——— = 1.
Nooo SN PIANAL]  Nooo 1+on(1)

Lemma 3.9 now gives us that PP[limsupg_, . Ag] =1 or, in other words, for almost all o €
[0, 1), there are infinitely many K € N such that 1)(K) < ax < K> , K = a (mod b) and gx_| =
¢ (mod d).

KlogK

For K sufficiently large, we have ¢ (K) > Tog(2) > SO (7) shows that €r<nI?X1 ay < ag and thus,
applying (7) again leads to Zf;‘ a; < 2KlogK (note that @ <2).

O

We have now all ingredients to turn our attention to the proofs of theorems 7 and 8.

3.4. Proofs of theorems 7 and 8

Note that the class of functions considered in both theorems 7 and 8 is closed under trans-
lation by rational numbers, and by lemma 3.1 the same holds for the condition ) ;_, A; #
Oor >_i_, ci(x;—xi—1) # 0. Thus, we can assume without loss of generality that g=0.
Moreover, we can assume that limg_, %{ = oo since the result then follows also for slower
growing .

Assume first that >, A; #0 or >/ ¢;(x; —xi—1) #0. Let ¢,c¢’, a1, 81,71,01 be as in
lemma 3.7. By lemma 3.12, for almost every «, there exist infinitely many K such that

{KGN

where 1)(k) = Cy1b(Cok) with Cy,C; > 0 specified later. Denote by (k;);en the increasing
sequence of integers such that the above holds. Now let N < cay,q,—1 be arbitrary. Thus, we

i=1

K—1
K=a; (mod B;),qx—1 =71 (mod 61),1/?(K) <aK<K2,Za,- < 2K10gK}7
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can write N = by, _1qy,—1 + N’ where N’ < g,y and by, | < cay,. Defining g as in lemma 3.1
and g(x) = g(x + by, —1qx,— 1), we have

Sy (fia) =Sy (g, @) +0(1)
= Sb/(jlekjfl (g,Oé) +SN’ (gva) + 0(1)
ki—1 (20)

where we used lemma 3.7 and the Denjoy—Koksma inequality in the last line. Let M; :=

b1 (N
|_CClqukj71J and, for 6 >0, we define the set Af =AIKNKM; 6 < ’ a;( )}. We note
J
S5
that limg_,¢ |AJ‘5| = M;. Thus, fixing € >0, we can choose J >0 such that % >1—c¢ for
J

all sufficiently large j. Let Cy,Cy > 0 such that, if a;, > 9(k;) = C19(Cak;) it follows that
by—1c'+0 (Zf’;l ai> > 1Y (logN) forall N € Af. We note that C;, C, only depend on 6 >0,
since k; is chosen such that Zf’:_ll a; < 2kilog(k;) = o(1(k;)). This yields

[{LSN<M;:Su(fio) > ¢ (logN)}| HNGA};:bkf—16’+0(2f’;1ai) >w(10gN)}’

M; - M;
{Nearia, >0}
M;
|A?]
= >1-
M g

By taking the limes inferior as j — co and letting € — 0, we get

nminf‘{l SNSM;:Sy(fia) > 9 (logN)} |

j—oo ]‘4]

=1

This shows the claimed upper density 1 in theorem 7 for the set {N € N Sy(f,) > 1 (logN)}
incaseof ) . A; Z0or Y . ¢i(xi—xi_1)#0.
In order to prove the first part of theorem 8, let 0 < r < 1 be fixed. Choosing § = (r) suf-

47 ]

ficiently small such that S =T, we can deduce from (20) that, for N € A}S, we have
J

k-1
Sn(fycr) = ¢'day, + O Zai
i=I

By choosing C(r) := #, the first statement of theorem 8 follows, since the sequence (;);cn

is chosen such that a;, dominates Sl
Now we prove the remaining parts of theorem 7, where we need to show that if >, | A; =
S ci(xi—xi—1) =0, then the set {N € N : Sy(f, ) > ¢ (logN)} has positive upper density.
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Letc,c’,d,ay,81,71,0; be as in lemma 3.8. By lemma 3.12, there are infinitely many K such
that

{KGN

Denote by (k;);cn the increasing sequence of integers such that the above holds. Now let
N € Nwith ¢’ay,qi, <N < cay,qy; be arbitrary. Thus, we can write N = by, _1q;,—1 + N’ where
N < qr;—1 and cay, < by, < ay;. Arguing as in (20), we obtain by lemma 3.8

K—1
K=oy (mod f1),9xk—1 =71 (mod 6;),7 (K) < ag <szzai < 2K10gK}.
i=1

ki—1
Sy(fie) > by1d+0 (D ai|. 1)

i=l

bi;—1(N)
a,

Let M; := [cayqi,—1] and A; := {1 SNEN;: ' < < c}.We note that there exists

ro > 0 such that % > ro > 0 for all sufficiently large j € N. Similar to the first part of this
proof, we get

{1 SN <M Su () > logh)}| {1 <N <m; by dr 0TI ) > v logh) ||

M; M;
‘{NEA]‘ : bkj_1d+0 (25;1 ai) = w(l()glv)}‘
>
- M;
A
= %i%l > rp.

J

By taking the liminf as j — co, we obtain

nminf“ <N < M;: Sy (f,a) >4 (logN)|

>ry>0.
j—00 M; =10

This shows the claimed positive upper density in theorem 7 for the set {N € N Sy(f,a) >
Y(logN)} incase of >1_ | A; = > 1 ¢i(xi —xi—1) =0.
To prove the second statement of theorem 8, we see that, for N € A;, by (21), we have
Sn(f,a) = dc'ay; + O (Zf’;] ai). Since a;, dominates Zf’:_ll a; by construction and ‘]/;—f_l >
J

ro > 0, the statement follows immediately.

4. Functions with logarithmic singularities

4.1. Heuristic of the proofs

We will briefly line out the main ideas of the proof of theorems 3 and 6. Again, we are using
that, for almost every o € [0, 1), Zf;ll a; = o(ak) for infinitely many K € N. Here, K will
always satisfy this property. For gx_; <N < ggx and N=bg_1qr +N', N’ < gx_1, we get
rid of Sy/(...) by an application of the Denjoy—Koksma inequality with singularity (5). We
make sure to stay away from the singularity x; = £ by the fact that if || Nor — £|| is small, then
so is ||sNa|| (proposition 4.2). Thus, we can morally work with the homogeneous case of

Diophantine approximation and the corresponding metric theory gives sufficient estimates.
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Again, we analyze S, 1)g,_, (f; @) = Spgs_, (f, ) for every b < bg_| — 1 and observe that

. bg_1 ) 9Kk—1
_l’_
{{na+ bgx_1a}}i ‘N{]a"} )

qdK—1 .
Jj=1

In the asymmetric case, we see that f(x) =log{x} is monotonically increasing on [0,1).
|

Comparmgf( il ) with f(j+1)/qkf( )

0 and 2 € [0, c], this leads to an estimate (see lemma 4.4) of the form

(71)1( (S(b"r])(IK—] (f’ a) - quk—l (fa a)) % lequ > IOgN'

Then the proof can be concluded similarly to the proof of theorem 7.
In the symmetric case f(x)=Ilog|x||, we see that, for j <gx_i/2, we have

bg_| . bk—1 bx
i1+ JHI=75 AT J+D/ax
f(l - q;<_1> :f<qz<_lk>' So, the terms f( o ) —j};;l(f)l/q flx)dx and

1 br—1 _
f L - fl / J/ q’i /'qK 1 (x)dx are of opposite sign and lead to some cancellation
(lemma 4.5). This cancellation is responsible for the different behaviour of symmetric and

asymmetric singularities.

4.2. Asymmetric logarithmic singularities

Proposition 4.1. Ler x; = H'af ,0<j <qe—1, for0<e; <1, where { € N. Then, we have

qe—1 1 qe—1_
>~ tog () —ar | tog(x) e~ S E2Y L og(eo) + 0O (1)
j=0

= 7

with the implied constant being absolute, independent of ¢; .

Proof. Forj > 1, we have

(j+1)/qe
w/ log (x) dx
J/ae

. i+ 1 . : ' .
= (j+1)log (J> —(j+1)—jlog (]> +J
qe qe
i+ 1 1
= log (]Jr> +jlog (1 +,) —1.
qe J

So, we obtain

(+1)/ae

' t¢g . 1
IOg(xj)_Clé/ IOg(x)dx lOg (J ) —]log (1+> +1.
j/qé +1 J

By the Taylor expansion log(1 +x) = x — x?/2 + O(x?), we get

j i 1 —1/2 1
log<],+€j>jlog<l+,>+l / +0< >
J+1 J J 72
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For j =0, we get gy fol/‘“ log(x)dx = —log(g¢) — 1 and thus,

1/qe
tog ) — e [ Tog(x) dx=log(z0) + 1.
0

Combining the obtained estimates yields
qe—1

log (xj) — qe 1log(x)dx: ‘”*M +log(g9)+0O(1).
0
=0

= 7

Proposition 4.2. Let £ € [0,1)NQ and let | <N < . Then,

fH o laxsiofl

HNozf
K s

Proof. Assume to the contrary that HNa — fH < H"’(ti‘a” Then, we have

[ =)

Since sN < gk41, this is a contradiction to the best approximation property of gx1: There
would exist an integer N’ < gx1 such that gx_1||N' || < ||gx+1¢]].

[lsNe|| = HsNa — st
s

r
<sfp= 2] < s

O

Proposition 4.3 (Error term estimate for a rational shift). Let f(x) = log({x —gq}), where
g =% € [0,1) is a rational number. Let N € N with N < % and let N = bg_1qx— +N', where
0 < N’ < gk_1. Then, we have
K—1
1Sn+ (f, @, br—19x—100) | < log (%ﬂ)Zae-
=1
Proof. Define Ay := (q — M,q + ”q’i—a“) Using proposition 4.2 we see na+

bx_1gx—1c ¢ Ay for all n < N’. Thus, the Denjoy—Koksma inequality with singularity (pro-
position 1.5) yields

K—1
‘SN/(f,Oé,belqulOéH < sup V(x)|2ai+q1<,1
xe[O,l)\AN/ i=1

/ f(x)dx‘ .
AN’
llgxe]]

We have sup,cpy\a,, [f(x)] =log “{=" <loggkii. Further, we use the estimate

qx—1 ‘ / Ays flx) dx‘ < log(gk+1) to obtain the desired result. O

Lemma 4.4 (main term estimate for a rational shift). Lez >0, g =~ € [0,1) N Q and define
fx) :==log({x —q}) forx € |0,1). Further, let K € Nwith gk, = 0 (mod s) and choose N € N
with qx—1 < N < g and dax < bx_1(N) < %’(. Then, if ax is sufficiently large, we get

(_I)KSbK—lqK—] (f7 Oé) > 6aK10g (CIK—I) .
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Proof. By definition, we have

brk—19kx—1

Sbk—lQK—] (fv a) = Z IOg({}’lOé - C]}) + bK*l‘]K*l

n=1

bxk—1—1 /qk—1
=Y (Zlog({na+bQK1a_Q})+QK1>

b=0 n=1
bxk—1—1 /qk—1
=5 (et 0 s} )
b=0 n=1
where we recall that x| = |agx—1 — px—1]| = (=1) " (agx_1 — px—1). For 1 <n < qx_

and 0 < b < b1 — 1, we get

{na—q+(—1)K_1(b5K_1)}

gKk—1 gKk—1

Pk—1 (-1 !
n—— —q+-———"0x_1 (bgx_1 +n)

npg—1 —4qK—1 (—1)K_1

= + Ox—1(bgg—1 +n)
dK—1 qK—1 —
=:€bhn
R k!
- {npK 1 - + ( ) Ebn (-
qk—1 gk—1
We introduced n’ := qqg_; which is an integer since s|gx_; with 0 <n’ < gg_1 — 1. Now

observe that 6x_; > 0 by definition and since b,,_, < “4—’(, we have bgx_ +n < by ,qx—1 <
(1/2 —0)akqg—1. Thus, for any 0 < n < gx—1 — 1, we get

a
O0<epn < ZkQK—l(SK—l <1/4,

where we used that gx_0x_1 < 1/ag. First, we assume that K is odd implying (—1)X=! = 1.
We apply proposition 4.1 with x, = {ﬁ + qzl }, where ¢, = Eb,((mp +n") (mod gx—1)) for
1 <n<gx-1—1and ey = & (1_g)q._, - This leads to

qK—1

Zlog ({na—i— (—I)K_] béx_1a — q}) + gx—1
=1

gK—1

= nz_;log({na—i- (—I)K_]b5k—104—4}) —gK—1 /Ollog(x)dx

qx—1—1
n—1/2
= Z % +1log(g9)+0O(1)

n=1

1 1
< —Zlog(qK,l) +log(g0) +O(1) < —glog(%fl%
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We used that gy < % < 1 and hence log(gg) < 0. Moreover, we applied the rough estimate
o(l) < élog(qK_l). By summing over all b=0,...,bx_; — 1, we obtain

1 1)
Sbx_1gx_r (i) < *gbK—l log (gx—1) < fgaKlog (gx—1) < —daglog(gx—1),

where we also used the assumption bg_; > dak. By rewriting, we finally get

7ShK—l‘]K—I (fa a) > 5aK10g (CIK—I) )

as claimed.

Now let K be even. We apply proposition 4.1 with x,, = { qK”_I + q/i] }, where g, =1 —
Eb,(np ! +n'+1) (mod gx_1) for I<n<qgg—1—1 and g9 =1 — & 4¢,_,. Similar to before, we
obtain

Sbl(—ll]l(—] (f? a) = Sbl(—ll]l(—] (fa a)
1
> gbel log (qk-1)
> daglog (qx—1)-
This finishes the proof. O

4.3. Symmetric logarithmic singularities

Lemma 4.5. Let f(x) = log Hx— :
we have

, where © € [0,1) NQ. Then, for almost every a € [0, 1),

ISy (f, )| < (logN)*loglogN.

Proof. Writing N = Zf;ol beqe in its Ostrowski expansion with bg_; # 0, we obtain the
decomposition

Sn (fi) = Snv (f, @) + Shi, 1qx, 1 (i, N'@) + Sy (fra, (N + by —1gx,—1) @)

where Ky = argmaxy—; . gas, N' = Zf;,io begy and N'' = fiazbgqg. By the Denjoy-

.....

Koksma inequality with singularity (see (5) in proposition 1.5), we can bound Sy (f, ) by

K—1
Sy ()l < sup X)) bi +N
X€[0,1)\Ay/ =%,

)

/A y Sflx)dx

where we choose Ay = (¢ — min, g, ||na — q||, g + min, <4, |[na — gl|). This ensures {no —
q} ¢ Ay and we have
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sup  flog (Jx— ]| < |log (mmnna—qn)]
x€[0,1)\Ay n<qk

< 10g< min noz—q||)‘

n<qg+1/s

< [log <||61K+s+104>’
)

< log (qk+st2)
<K, (22)

where we have used that log(gx) < K by (8) and we used proposition 4.2. A simple calculation

reveals
|t
A

N’

=2 ‘mjn lna— q|| <log <min lna — q||)> ’
n<qgg n<qgg
K
<< ]
qk

where we used that min, ., |[no—g|| < qik and [log (min,<,, ||na —¢ql|)| < K, as shown
before. In total, we get

K—1 K
[Sn: (fro)| <K b +N'—
i=Ko K

K
<K Z a;

i=Kop+1
< K’logK,

where the estimate in the last line uses (7). Analogously, one obtains the same bound for
Sy (fa Q, (N/ + bKo*lqKO*l)a)v ie. we get

Syre (e, (N + bry—19K,-1) )| < K*logK.

We are now left with Sy, 4., (f,,N'a), where we will show that

(beoflq,q,,, (ﬁa,N’a)‘ < K*logK.

By definition, we have

bry—19Ky—1

r
by, —1ax, 1 (i, N'a) = Z log (Hna 3 +N/04H) +bky—19Ky—1

n=1

b[(ofl—l l[KU—l
,
=5 (S walo-Lewartaral) s

b=0 n=1
by—1—1 sqk,—1 -
=5 (S e Lo ) )
b=0 n=1

where we recall that dg,—; = (—1)57! (g, 1 — pg,—1)-
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We first assume that Ko is odd. We can write N'a— % = qu -+ qK’/ 1 where m € Z
0~ 0~

and 0 <r’ < 1. We observe that, for any 0 < b < bg,—1, we have 0 < bgk,—10g,—1+7' <

2. For the following analysis, we define the quantity dj, := bgg,—10g,—1 + ' and the sets

Bl,Bz,B3 as

<bgy—1 — 1 :dpy1 < 1},
<bK071_1:db> 1}7
B3 2:{0,...,[)[(0_171:dh<1<dh+1}.

Since dj, is irrational for all 0 <b < bg,—1 — 1, the sets By,B,,B; form a partition of
{0,...,bg,—1 — 1}. We first assume b € By, i.e. dp41 < 1. We see that, foralln = 1,...,qx,—1,
we have

- d Oky—
{(n—i—quOl)a—i—N’a—r}:{npK” 1 +m+dp +nok, 1}_
N qK,—1

Since pk,—1 and gk, are coprime, the map j(n) = npg,—1 +m (mod gg,—1) is bijective with
inverse n(j). Thus, we can introduce the quantities

J+dy+n(j)ok—1 .
Yj = <) - ) ]:07‘~~7qK071_1~
qKo—1

Since dp+n(j)ok,—1 < dp41 <1 by assumption, it holds that 0 <y; <1 for all j =
0,...,9k,—1 — 1. Further, we have the following equality of sets

. npK—l+m+db+n5](_]
{yj:]:()v-“)qKo—l_]}:{{ : GKy—1 : 3”:17-~-,61Ko—1 .
0—

The previous arguments reveal that, for b € B}, we can write

qKy—1 qKy—1—1

r —
Zlog(Hna—;JrN'a+b(—1)Ko ]5KO—IH>+11K0—1= > tog |yl + ax,-1
n=1 j=0
qKy—1—1
= Y (logllyll - 1),
=0

(+1)/axy—1
/611(071
will compare the value of log||y;|| to the value of I; for all j =0,...,gx,—1 — 1. We start
with the case where 1 <j < [gk,~1/2] — 1. Then, we have |ly;[| =y; and [[yg, -1l =
1 —Ygx,—1—j—1- This leads to

where we set [; := qKo,lfj log(x)dx forj =0,...,qk,—1 — 1. In the following, we
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log|ly;|| — I =1og () — I
[ +d ) Ok, — 1
:log<J+ b1 () Ok, l)—jlog(l—i—_)—&—l.
J

jrl
By the Taylor expansion log(1 + x) = x — x> /2 4+ O(x*), we have

. . - 1 i 1—1/2 1
1og<f+d”f”(’)5’(° l>—jlog<1+,)+1:db+n(J)5.K° 1=l +0(,2).
j+1 J J J

By the same arguments, we obtain

1—db+n(611(01—.]'—1)51<o1—1/2+0<1>.

J 7

log|yg,—1—j—1ll = axo—11; =

So, by combining the two previous estimates, we get

(n(j) = n(gry—1 =j = 1)) Ok, -1
J

1
+0(.)
J2
1 1
< Lo(h)
Jak, J

In the last line, we used the estimate gx,—10x,—1 < i It is easy to see that
0

log| [l +1og||ygx, -1 —j—1 —211“ <

qKxy—1—LaKxy—1/2]
> (og(lylh) —25)=0(1),

Jj=lar,-1/2]

since the number of summands on the left-hand side is bounded by a constant and the y; are
bounded away from O and 1. Thus, we have shown that

arp1—2 | Lo /20mt a2
Yo logllyll < — > -+ D> Z+0(1)
=1 Ak, 1 J P— J
J J J
lo _
< BIK=L L o1,
ag,

We are now left with the cases j =0 and j = gx,—1 — 1, where we get

log|lyoll +logllygy, —,—1ll = 21o| < [log|lyoll = To| + {log[[yge, 1 — Lo
< [log (d), +n(0) dxy—1)|
+ [log (1 —dp — n(gr,—1 — 1) dx,—1)| + 2.

We discuss here the first term [log(dp, + n(0)dg,—1)| in detail, the second term can be

treated analogously. Observe that d; +n(0)dk,—1 = gx,—1||(N' + bgg,—1 +n(0))a — £)|| by
construction of yj.

We claim that there exists at most one b’ € B; such that

1
< .
4qk,

v+ bk, 1 40 (0o~

N
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Assume to the contrary that there are two integers b’,b’’ € By with b’ # b’/ such that both
satisfy this estimate. Then, we get

1
2qx,

0

(6" = b"") 10 <

by the triangle inequality, which is an immediate contradiction to the best approximation prop-
erty of gk,—1. Thus, for the only possible b’ € By, we get

r . r
qK,—1 H(N/ +b/qK0*1 —l—l’l(O))O[ - 7” 2 qK,—1 min ||no — 7H
N n<gkg N
> qKy—1
qK+s+1
1
= )
qK+s+1

where the estimate in the second last step can be argued analogously to (22). For all b € B;
with b # b’, we have
r

Gkt | (V' + b, + 1 (0)) o - =

> qK,—1
4qKo
S 1
~ 4(ag, + 1)

Thus, by combining the estimates we obtained, we get

qKy—1

> fna+bgk, 10+ N'a)

beB| n=1

qKy—1

=) (loglyll - 1)

bEB; j=0

9Ky —2

Yo Goglyll=5)| +|>> D> (oglyll 1)

beB; j=1 beBije{0,qx)-1 }

N

<loggx,1ak, +| D Y (oglyl =5+ > (ogly®")-1)

bEBLbZL! je{0.g5,-1} je{0.ary—1}
<logqr,-1ak, + Y logak, +10gqx st
bEB, ,b#£b’
< ak, (IOg ag, + log QKofl)

< K*log(K).

Here we used that |B;| < bk, 1 < ax,, 10gqk+s+1 < K by (8) and by (6), ax, < K* if K is
sufficiently large. For the set B;, a similar analysis leads to the same asymptotic bound, i.e. we
get

qKy—1

Z Zf(na—i—quo_la +N'a)| < K*logK.
bEB; n=1
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The set B; contains at most 1 element b € {0,...,bx,_1 — 1} and thus, we can write

gKy—1 gKy—1
>N fna+bak, 1o +N'a)| < | > log ([lna+x[])]
beB; n=1 n=1

where x := bqg, 1a + N'a. Applying the Denjoy-Koksma inequality with singularity in the
form of (5), we obtain

qKy—1

> log(|lna+x]))

n=1

< K’logk,

as we did for Sy (f, «) at the beginning of this proof. Combining the estimates for By, B;, B3,
we can deduce that

’SbKO—ICIKO—] (fvavN/Oé)‘ < KzlogK,

which finishes the proof for odd K. The case where K is even can be handled under minor
modifications. In total, we have shown that, for gx_; < N < gg

Sy (f,e)| < K*logK
< (logN)zloglogN.

4.4. Proof of theorems 3 and 6

We start by proving (ii) of theorem 3, where the Birkhoff sum Sy(f, «,q) is generated by a
function f : R — R with symmetric logarithmic singularity at a rational, i.e. f is of the form
flx) = clog||x — x|| +#(x), where ¢#0, x; = £ €[0,1)NQ and ¢ is of bounded variation.
Without loss of generality, we can assume that g = 0 because otherwise we just setx; := x| — gq.
Let N € N with Ostrowski expansion N = Z[K;ll b; q;. By the Denjoy—Koksma inequality, we
obtain Sy(t, ) < Var(r) Zf;l a; < K?. Thus by lemma 4.5, we get

ISy (f, )| < (logN)zloglogN,

implying statement (ii) of theorem 3.

Next, we consider the asymmetric case, i.e. where the Birkhoff sum is generated by a func-

tion f of the form f(x) = ¢ log({x —x1}) +c2log||x — x1 || + #(x), where ¢;, ¢, € Rwithe; #0
=i (x) = (%)

andx; = £ € [0,1) NQ and ¢ is of bounded variation. Again, without loss of generality, it suf-

fices to consider the case where ¢ = 0.

We start with the case where Y .-, m =00 where we show that the set
{N e N:Sy(f,a) = logNy(log(N))} has upper density 1. Without loss of generality, we
can assume that limg_, o 1?1&2( = oo since the result then follows also for slower grow-
ing 1. Note that Sy(f,a) = Sy(f}, ) + Sn(f,,«). By the first part of this proof, we have
ISn(fy, )| < (logN)?loglogN and since log N¢) (log N) dominates (logN)*loglogh, it suf-
fices to show that {N € N : Sy(f1, ) > log Nt (logN)} has upper density 1.
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First, assume that ¢; > 0. By lemma 3.12, for almost every « € [0, 1), the set

{KGN

has infinite cardinality, where 9 (k) = C14)(Csk) with C;,C, > 0 specified later. Denote by
(kj)jen the increasing sequence of integers such that the above holds. Define M, := L%qk/_ 'J
and note that, for any 1 <N < M;, we can write N = by,_1(N)gi,—1 +N' where N’ < gy, _1.
Moreover, for § > 0, let Aj‘»s = {1 N<M;:0< Py l(N) 1}. We note that for any N € Al
the assumptions of lemma 4.4 are satisfied, and hence

Sbkj—Iij—l ( lva) > 6(5) Ak log (Clk,-q) )

K=0 (mod2),qx—1 =0 (mod ), (K) <ax <K>,» a; < 2K10gK}

where ¢(0) is a positive constant only depending on . Moreover, by proposition 4.3, we have

k1

‘SN/ (thé,bk/-—lqkj—]a) | g DIOg (Qk/+1> Zae7
=1

where D is a positive absolute constant. For j sufficiently large, this leads to

SN(flva) :Sbkj—lqkj—l ( lva) +SN' (f17a bk/_lqkj_la)

> c(0) ay,log (q,—1) Dzae (23)
c(d
> %akj log (qx,-1) ,

where the inequality in the last line holds since a;; dominates Z 1 a, by construction.
Moreover, we have used that ¢; in the definition of f1 is positive by assumption and we
employed log gy, —1 > log gy, 1 which holds by (8). We note that lim;_g |Aj‘5| = M; and thus,
A7

J

fixing € > 0, we can choose ¢ > 0 such that </~ > 1 — ¢ for all sufficiently large j. Let C1,C, >

0 such that, if a;, > > (k;) = Cyb(Cak;), it follows that C(‘S) (q—1) = logNw(logN) for

all N e A‘S We note that Cy, C, only depend on § > 0, since k is chosen such that Z ) a, <
2k; log(k) o(1¢(k;)). This yields

{1 <Ny (o) > oV (logh) | [{N €47+ ey log (a4, 1) > logNer(og) }
>
M; M;
[ 7,
N {NeAj.akj W ( )}’
- M;
A?|
= >1-
M, >1-—e

(24)
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By taking the liminf as j — oo and letting ¢ — 0, we get

nminf‘{l SN < M;: Sy (fi,«) > logNy (logN) }|
j—o0 IWJ

=1.

The case where ¢ from the definition of f is negative can be handled under minor modific-
ations. Analogously, one can show that the set {N € N: Sy(f, ) < —log(N)y(log(N))} has
upper density 1.

The case where >~ | m < oo can be treated analogously to the proof of theorem 1 by
using the Denjoy—Koksma inequality with singularity (proposition 1.5).

To prove theorem 6, we start with a few general estimates. Observe that, for x; = £ and
gk—1 < N < gk, we have

sup  [fi(x) +/2(x)| <
x€[0,1)\Ax

log [ min ||na — x|
n<gg

log( min ||nax1||)‘
n<qgi1/s

10g(||611<+s+104||)‘
)

< log(gx+s+2)
< 1Og qdK

<

<

where we have used (8) and proposition 4.2. This shows that

x€[0,1)\Ay

K K
sup  |A(x)] Eai < loquZai.
i=1 i=1

Further, we get

N / f(x)dx <<N‘min lna— x| <log <min ||nce — x1 ||) - 1) ‘
A n<qg n<qgg
NK
<< R
qk

< loqu = O(aK)7

where we used that min, ., ||na —x; || < qik and |log (min,«g, ||na —x1||)| < K by the previ-
ous calculation. Now let 0 < r < 1. We will show that there exists a constant C(r) > 0 such

that the set
K(N)

NEN|Sy(fanq) > C() sup A gﬂv\ / Nf(X)dx‘

x€[0,1)\Ax

has upper density of at least r. To that end, let (kj);en be the sequence of integers from the
first part of this proof. Let A;Sl = {1 SNSM;:é' < bk’;ii(m < 1} and M; = {%qkj_lJ be
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as in the first part of this proof, where we choose 6’ = 6’(r) > 0 sufficiently small such that

5!
‘AM l > r. Using (23) we get, for N € A5

c(6’
Sy (fi, ) = (2 )ak,IOgCIk,—l-

Since [Sy(f2, )| < kF logk; = o(ax; 1og gy, 1), we obtain

Sn(fia) = aylog, > sup a,—i—N’/fx dx’.
wfe) 4 e E[OI)\Ale |Z AN()

Thus, there exists a C(6") = C(r) such that

Sv(fa)=Cr) sup v |Zal+N\/ANf<x>dx\

x€[0,1)\Ay i—1

\5|

holds for all N € A5 Since > r, the statement of theorem 6 follows by an analogous
argument as in (24) The second case in theorem 6, where we deal with the set

K(N)
NEN | Sulfrana) < —C()  sup v<x>|2a,-—zv| / f<x>dx]
x€[0,1)\Ay ) Ay

can be handled similarly.
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Appendix

In the appendix, we provide the proofs of propositions 3.2 and 3.4.

Proof of proposition 3.2. One can easily check that the condition of f being as in (11) is
invariant under rational translation, thus it suffices to prove the statement for g = 0. We show
that the set {N € N : Sy(f, ) = 1»(logN)} has upper density 1. We can write

Sy (fv a) = Sbk—lQK—] (fv a) + Sy (fvavaflqula)v
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where N = bx_1qx_1 + N’ with N’ < gx_;. By the Denjoy—Koksma inequality in the form
of (4), we have that

k-1
Sy (fro,bg_1gg—100) < Zai.

i=1

We analyze the dominating term Sy, 4., (f, @) for certain bx_;. By lemma 3.6, we have

Sbk—qu—l (fv a)
_ qKk—171 k-1 A ) Ak=12 | 5 K-
=bg_ ({ 51 }+( 1) ]]'{Sl‘ql(—]} 2{ 52 } 2( 1) ]]'{Szlfh(—]} (25)
gk—173 —

provided bg_; < ﬁa,( and ay is sufficiently large. By lemma 3.12, for almost all & € [0, 1)
and for any pair of integers (a, b), the sets

>

—1

{KGN |ag > (K),24(K—1),9xk—1 =a (mod b), Y a; <2KlogK},

i=1

K—1

{K€N |ax > (K),2| (K—1),gxk—1 =a (mod b), Y a; <2K10gK}
i=1

both contain infinitely many integers K. In the upcoming case distinction we will consider
different choices of a and b.

Case 1: sy 1s,: The congruence relation gx_; =s, mod sy, ensures that s, | gx—; and s1 f
gx—1 since s1 1 s, by assumption. Thus, (25) gives us

qk—171 qdKk—173
SbK—lf{K—l (f? Oé) =bg—1 { 5| }+2 + { 53 } - 1{53\111@1}

>0 >0
> bix_1.

Case 2: We assume s3 1 5. Under the congruence conditions gx—; = s, mod sps3 and 2t (K —
1), we obtain

_1r 1T
Sbk—]Qk—] (fva) =bg-1 ({qKs11 1 } - ]]'{Sllql(—l} +2+ {qKS: : })

> bg_1.

Case 3: If s = 5| = s, = 53, then we use the congruence conditions 21 (K—1) and gx_; =
(r2)~! (mod s) to show
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Sbi_1qx (fi) = br—1 ({QK;lrl } - 2{6]1(;11’2 } T {C]K—1r3 })

S
(R E)

2
= —bk 1.
)

The latter inequality holds since rj,r; are distinct from r,, and thus {@}—#
{‘IK—IM} > 4
> =,

A N

Case 4: 51 | s, and s3 | 52, but sy # 57 Or 53 7 55: Without loss of generality, we assume s; # s5.

We use the congruence conditions 2 | (K — 1) and gx_1 = as; (mod s,) witha=r,"' mod 2
(which is possible since ged(r,,s2) = 1). We obtain
qk—112 qk—173
Sbl(—lgl(—] (ﬁOZ) =bg 1 (1 - 2{} + {} + ]]‘{SBQK—I})
52 53
S1 qgk—173
=bg 1 |1-2<— 1
Kl( {&}+{ 53 }+ wﬁlﬂ
qk—113
> b <{ 53 }Jr]l{&}lqkl})
1
> —bg_1.
53
The second last inequality follows from the congruence relation gx_; = as; (mod s,) and

2 {ﬂ} < 1, where the latter holds since s; | s, and s # s5. In the last line we used that if

52

]1{53|qu1} =0, then {qk—lrz} > |

53 53
Thus, in either case, there exists a constant C > 0 such that, for N € N with bg_; < mam
we have

K—1
SN(f,Oé) Z Cb](_] +0 (Za,) .

i=1

The remaining part of the proof can be argued in the same way as it is done in the proof of

theorem 7. The set {N € N : Sy(f, ) < —¢(logN)} can be handled analogously. O
Proof of proposition 3.4. We will show that for almost every « € [0, 1), there exists a 6 >0
with
SNKM:
imint LS NS M: |Sy(f,0)| < logNloglogh}|
M— o0 M

By choosing ¥ (k) := klogkloglog(k + 10), this implies that

I<SNEM: o) >l
timsup 1 Sy ()] > (logM)}| _ |
M— o0 M

— 0.

Fixing M € N, there is exactly one K € N such that gx_; <M < gg. Let Ky = argmaxgax
(if the maximum is not unique, we can choose an arbitrary one among the maximizers). We
define

AS = {\/ax_1 SN<M:bg, | (N)<dag,},
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where d >0 is a small constant specified later. In the following, we will show that for any
N € A3, we have |Sy(f,a)| < KlogK. Writing N = Zf;ol beqe in its Ostrowski expansion,
we obtain the decomposition

Sn (faa) = Sy (f7 a) +Sb1<071q:<071 (f,a,N’a) +Snr (faaa (N/ +bK071qKo*1)a)7

with N/ = Zf;,iﬂ begeand N/ = Zfigz brqq. By the Denjoy—Koksma inequality (4), we can
bound Sy (f; ) by

K
Sy (he)l < Y a

i=Ko+1
< KlogK,

where we used (7) in the second line. Analogously, one obtains the same bound for
Sy (fy o, (N' 4 bgy—19k,—1) ), i.e. we get

|Sn (fy o, (N' 4 bgy—19k,—1) )| < KlogK.

We now turn our attention to Sy g, (f,a,N'a), where we will show
Sbi, 1qx, 1 (fit;N'a) = 0. Indeed, an analogous analysis to the proof of lemma 3.6 shows
that there exists a ¢ > 0 such that, for any bk, < day,, it holds that

Soe, v () = ({‘1&;)1’4}+{W}> B ({QK(;VW}JF{qKolv(Vl—V)})

Regardless of the congruence class of gg,—; modulo w, the expression above equals 0. In
total, we have shown that, for all N € AS,, we get the asymptotic bound

ISy (f; )| < KlogK < logNloglogN,
where the last estimate uses that N > ,/qx—_;, which holds by the definition of A,‘f,,. This

leads to

liminf|{1 SN M:|Sy(f,a)| < logNloglog N} |

M— o0 M
. |{N €Ay :|Sy(f,a)| < logNloglogN}|
> liminf
M— o0 M

A5
> liminfM
> 6.

This finishes the proof. O
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